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TESTS OF CYLINDRICAL SHELLS
I. INTRODUCTION
1. Object and Scope of Investigation.-The object of the investiga-
tion was to determine the action of thin cylindrical steel shells when
subjected to axial compression, transverse shear, and flexure, singly or
in combinations. Tests were made on small machined specimens and
large fabricated ones. The former were made from 4-in. Shelby seam-
less steel tubing, and the latter were made of /-in, steel plates
fabricated by welding into shells having an outside diameter of 30 in.,
except for one series, for which the outside diameter was 28 in.
The methods of loading included: (1) axial loads, (2) transverse
loads, and (3) combined axial and transverse loads. The methods of
failure that were studied included: (a) wrinkling due to longitudinal
compression induced by axial loads, by flexure, or by a combination
of the two; (b) wrinkling due to diagonal compression induced by
shear; (c) circumferential compression induced by shear at supports
that completely enclosed the shell; (d) circumferential moment in
supporting rings that completely enclosed the shell; (e) circum-
ferential moment in a shell at pedestals that did not entirely enclose
the shell.
Analyses of the specimens when subjected to the loads used in the
tests are given in Chapter VIII.
2. Acknowledgments.-This investigation was a part of the research
work of the Engineering Experiment Station of the University of
Illinois, of which DEAN M. L. ENGER is the director, and of the Depart-
ment of Civil Engineering, of which PROFESSOR W. C. HUNTINGTON is
the head. The specimens other than the fabricated shells loaded as
beams were tested by EMERY D. OLSON, a special research graduate
assistant in Civil Engineering. A thesis containing a report of his work
was submitted by Mr. OLSON in partial fulfillment of the requirements
for the degree of master of science in Civil Engineering in the Graduate
School of the University of Illinois, 1939. The fabricated specimens
loaded as beams were tested by ROBERT M. MAINS, a graduate research
assistant in Civil Engineering, and THOMAS H. MCCRACKIN, JR., and
JOHN S. SHAPLAND, testing assistants.
The specimens and the funds with which to meet the direct expenses
of the investigation were contributed by the Chicago Bridge and Iron
Company.
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FIG. 1. MACHINED SPECIMENS LOADED AS COLUMNS
II. TESTS OF MACHINED SPECIMENS
3. Centrically-Loaded Columns.-The specimens of series A, tested
as centrically-loaded columns, were cut from 4-in., 16-gage Shelby
seamless steel tubing. The outside of the tubing for specimen 2-A1
was turned down in a lathe so that the shell thickness had a value of
0.013 in., except for a narrow band at each end where the original
thickness was retained, as shown in Fig. 1. The original thickness of
the others was retained throughout their entire length.
Control coupons were cut from the Shelby tubing and machined
on the outside to thicknesses approximating the thicknesses of the
cylindrical specimens. The coupons were tested in special curved grips
provided for the purpose which were turned to the same radius as the
tubing from which the coupons were cut. The physical properties of the
steel determined from these tests are given in Table 1, control speci-
mens 11 and 21 being from the same piece of tubing as cylindrical
specimens 1-A, 2-A, and 2-A1 of Table 2. There was no well-defined
yield point, so the yield strength corresponding to 0.1 per cent set was
reported instead.
The apparatus for applying the load is shown in Fig. 2. The top
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TABLE 1
PHYSICAL PROPERTIES OF MATERIAL; 4-IN. SHELBY SEAMLESS STEEL TUBING
Control Thickness Yield Strength* Ultimate Strength
Specimen in. lb. per lb. per
No. sq. in. sq. in.
11 0.0153 65 900 78 800
21 0.0151 64 500 80 700
Av. 65 200 Av. 79 700
12 0.0173 51 900 65 800
22 0.0195 51 600 61 000
32 0.0199 54 900 68 300
42 0.0199 54 900 67 300
Av. 53 300 Av. 65 600
13 0.0338 57 500 70 800
23 0.0337 58 600 70 500
33 0.0350 57 600 68 800
43 0.0352 59 500 70 400
Av. 58 300 Av. 70 100
15 0.0485 61 600 72 200
25 0.0489 60 000 71 600
35 0.0483 61 000 70 600
45 0.0485 58 300 70 200
Av. 60 200 Av. 71 100
*Stress that produced a set of 0.10 per cent.
and bottom plates fitted snugly and projected slightly inside of the
shell. The load was applied through the centrally-located /4-in. steel
ball at the top, and the lower base was supported on rollers, as indi-
cated in the figure.
TABLE 2
STRENGTH OF 4-IN. SHELBY SEAMLESS STEEL TUBING UNDER AXIAL LOADING
Load at Stress at
Specimen Length Thickness* t/R Fai Failure Type of
No. in. in. t / lb. per Failure
lb sq. in.$
Series A-Eccentricity = 0
1-A 9.90 0.067 0.033 51 655 61 900 Bulge
2-A 9.99 0.069 0.034 49 200 57 700 Bulge
2-A1 9.98t 0.013 0.0067 6 430 40 300 Wrinkle
Series E-Eccentricity = 1 in.
1-E 10.00 0.068 0.034 26 020 62 500 Bulge
2-E 10.00 0.067 0.034 32 610 79 400 Bulge
2-E1 9.89t 0.0138 0.0071 4 465 53 600 Wrinkle
2-E2 9.89t 0.0158 0.0081 4 440 46 600 Wrinkle
*Average of readings at several points.
tLength between collars.
S(1 e ).
t-X- ,, )
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FIG. 2. LOADING APPARATUS FOR CENTHICALLY-LOADED SHELLS
The specimens were loaded in a testing machine, and the maximum
load that a specimen carried was noted. Two types of failure were
observed. The thin shells failed suddenly due to wrinkling, as shown
in Fig. 2, and the thick shells failed by the formation of a bulge
similar to the failure at the bottom of the specimen shown in Fig. 3.
The results of the tests are given in the top three lines of Table 2.
The theoretical wrinkling stress for elastic failure of a cylindrical
shell loaded centrically as a column is given by the equation
E 1 t *
S =-- in which
/3 / 1 - p2  R
S = unit stress which causes a condition of instability likely
to result in wrinkling, for brevity, the critical wrinkling
stress
E = Modulus of elasticity of the material
*Univ. of Ill. Eng. Exp. Sta. Bul. 255, page 6.
TESTS OF CYLINDRICAL SHELLS
FIG. 3. LOADING APPARATUS FOR PRODUCING COMBINED
AXIAL AND TRANSVERSE LOADS
, = Poisson's ratio
t = thickness of the shell
R = mean radius of the shell.
The computed wrinkling stress for elastic failure has values for the
specimens tested greatly in excess of the yield strength of the material,
and therefore has no significance insofar as these specimens are con-
cerned. The test values of the unit load-carrying capacity for the
three specimens were 61 900 Ib. per sq. in., 57 700 lb. per sq. in., and
40 300 lb. per sq. in. for 1-A, 2-A, and 2-A1, respectively. The first
two had t/R ratios of 0.033 and 0.034 in contrast with a value of only
0.0067 for the last. The yield strength for the material of the three
specimens, as determined by tension tests of control specimens 0.015
in. thick, was 65 200 lb. per sq. in.
The results of previous tests* of similar specimens are reported in
the upper part of Table 3.
*Univ. of Ill. Eng. Exp. Sta. Bul. 255, page 19.
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TABLE 3
STRENGTH OF 4-IN. SHELBY SEAMLESS STEEL TUBING UNDER AXIAL LOADING
(From Bulletin 255, pages 19 and 36.)
Specimen Length Between Stress atSpecimen  e EccentricityNo. Collars t/R in.Failurein. i. lb. per sq. in.*
Centric Loads
210 3.48 0.0102 65 200
216 3.52 0.0098 61 000
224 15.01 0.0102 61 000
226 15.00 0.0094 55 700
227 15.03 0.0103 55 100
229 15.03 0.0101 55 700
Av. 0.0100 Av. 58 950
510 1.53 0.0068 55 200
511 5.55 0.0074 45 500
512 9.53 0.0073 36 000
513 19.05 0.0071 54 000
514 1.55 0.0069 51 300
515 5.56 0.0071 52 600
516 9.54 0.0072 50 600
517 19.07 0.0072 39 600
Av. 0.0071 Av. 48 100
Eccentric Loads
211 3.50 0.0100 0.25 64 200
212 3.52 0.0100 0.50 68 900
213 3.50 0.0100 0.75 66 500
214 3.50 0.0095 1.00 70 400
215 3.50 0.0096 0.26 69 200
217 3.50 0.0094 0.50 69 000
218 3.50 0.0098 0.75 66 500
219 3.52 0.0095 1.00 67 300
220 15.02 0.0097 1.00 64 100
221 15.02 0.0097 0.50 60 000
223 15.05 0.0095 0.50 66 000
228 15.03 0.0100 1.00 52 200
Av. 0.0097 Av. 65 358
Previous tests. of fabricated shells
are reported in Bulletin 292.
centrically loaded as columns
4. Eccentrically-Loaded Columns.-The specimens of series E were
tested as eccentrically-loaded columns. The details of the specimens,
shown in Fig. 1, were the same, except for thickness, as for the speci-
mens of series A, which were centrically-loaded. Two specimens, 1-E
and 2-E, were the full thickness of the 16-gage seamless tubing; the
other two were machined on the outside to a thickness of 0.0138 in.
for 2-E1 and of 0.0158 in. for 2-E2. The physical properties of the
material are given in Table 1, all controls except 11 and 21 being from
the same piece of tubing as the specimens of the E series. The loading
apparatus was the same as that used for the tests of centrically-loaded
TESTS OF CYLINDRICAL SHELLS
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FIG. 4. MACHINED SPECIMENS SUBJECTED TO COMBINED
AXIAL AND TRANSVERSE LOADING
shells and shown in Fig. 2, except that the loading ball was eccentri-
cally placed relative to the axis of the cylinder, the eccentricity being
1 in. for all specimens.
The results of the tests are given in the lower portion of Table 2.
There were two thick specimens and two thin ones, and the strengths
of the two specimens of the same thickness differed considerably in
each instance. However, the average unit strength was somewhat
greater for the eccentrically-loaded shell than for the centrically-
loaded ones of like thickness.
The results of previous tests on 4-in. Shelby seamless steel tubing*
are given in the lower part of Table 3. The specimens for these tests
all had nearly the same t/R ratio but the eccentricity varied. For these
tests also the unit strength was somewhat greater for the eccentrically-
loaded shells than it was for the centrically-loaded ones, the difference
between the two average values being a little more than 10 per cent for
specimens with the same t/R ratio.
The tests reported in Tables 2 and 3 indicate that the wrinkling
stress for an axially-loaded specimen machined from 4-in. Shelby
seamless steel tubing is at least as great for an eccentrically-loaded
specimen as it is for one centrically loaded, the unit stress being
P / 2e \
computed by the equation, wrinkling stress =--P 1 R ), in
*Univ. of Ill. Eng. Exp. Sta. Bul. 255, page 36.
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TESTS OF CYLINDRICAL SHELLS
Rai/o of Transverse to Ax/al Load
FIG. 5. STRENGTH OF SHELLS SUBJECTED TO COMBINED AXIAL
AND TRANSVERSE LOADING-MACHINED SPECIMENS
which P is the total load, A is the area of the transverse section,
R is the radius of the shell, and e is the eccentricity of the load.
5. Combined Axial and Transverse Loads.-The specimens of the
O series were subjected to simultaneous axial and transverse loads by
means of the apparatus shown in Fig. 3.
The details of the specimens are shown in Fig. 4. Sixteen specimens,
divided into four groups of four specimens each, were tested. All speci-
mens of a group were machined to approximately the same thickness.
For two groups the thickness was 0.020 in., for one group it was
0.035 in., and for the fourth group the thickness was 0.050 in. The
individual tests of a group differed in the ratio of the transverse to the
axial load, the values of this ratio for a group being 0.10, 0.20, 0.60,
and 1.00. The middle portion of the specimen was turned down to the
desired thicknesses over a length of 8 in. The maximum flexural stress
and the section of failure were at the junction of the reduced and
unreduced portions for all specimens, and only the reduced portion is
considered as the specimen proper.
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FIG. 6. MACHINED SPECIMENS TESTED AS BEAMS
The load was applied to specimens through the steel ball at the top,
as shown in Fig. 3, and the apparatus was supported on a roller at the
bottom that rested on a steel plate lying on the bed of the testing
machine. The roller was adjusted relative to the specimen so that the
thrust line, which passed through the center of the ball and the center
of the roller, intersected the transverse plane at the upper end of the
specimen (the end of the reduced portion) on the axis of the cylinder.
The load from the testing machine was equivalent to two components
applied at this intersection point: a centric axial thrust, and a trans-
verse shear. The maximum longitudinal stress, which occurred at the
bottom of the reduced portion of the specimen, was computed from
these two components.
The relation between the transverse shear and the axial thrust was
changed by changing the distance of the ball and the roller from the
axis of the cylinder, but the two distances were always so related to
each other that the line through the center of the ball and the center
of the roller pierced the transverse section at the upper end of the
reduced portion of the shell in the axis of the cylinder, as explained in
the previous paragraph.
The specimens failed in compression on the lower side of the shell
at the lower end of the reduced portion. The total compressive stress
is the sum of two stresses, one the direct axial stress due to the centric
axial component of the load, and the other the flexural stress due to
the moment resulting from the transverse shear. The thickness of the
specimens was measured after they had been machined and the
measured thicknesses were used in computing the stress due to the load.
The results of the tests are given in Table 4. The wrinkling stress
z'U
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FIG. 7. LOADING APPARATUS FOR TESTING MACHINED
SPECIMENS AS BEAMS
at failure, the sum of the axial and flexural stresses, is given in
column 6 and the transverse shear at the neutral axis* is given in
column 7. The ratio of the wrinkling stress to the yield strength of
the material in tension, as determined by standard control test, is
given in column 9 of Table 4.
The relation between the ratio of the transverse to the axial load
and the wrinkling stress is given by the diagrams of Fig. 5. Figure 5a
is for specimens with a thickness of approximately 0.02 in., Fig. 5b
for specimens with a thickness of 0.035 in., and Fig. 5c is for the ones
with a thickness of approximately 0.05 in. For each group of diagrams,
the lower line represents that portion of the stress due to direct axial
compression, the middle line the stress due to the moment, and the
upper line the total stress at failure. Each of the three lines of Fig. 5d
represents the average of the corresponding lines of Figs. 5a, 5b, and 5c.
Although the results of the individual tests were somewhat erratic,
the average for all tests indicated that the total longitudinal stress at
failure for the 4-in. machined tubes was not greatly affected by the
ratio of the transverse to the axial force when this ratio varied from
0.10 to 1.0.
6. Beams.-The machined specimens tested as beams were cut from
4-in. Shelby seamless steel tubing having an outside diameter of 4 in.
and a thickness of 1/ 6 in. The outside was turned off in a lathe to give
the desired thickness, bands of the original thickness being left at the
ends and at the middle, as shown in Fig. 6.
*See page 110, Section 23, for transverse shear in a shell.
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The specimens were supported at the ends and loaded at the middle.
The supports and the loading apparatus acted as restraining rings and
held the shell to its cylindrical shape as shown in Fig. 7. The end
supports rested on rollers, and the load was delivered to the middle
restraining ring through a knife edge.
Three manners of failure are possible for a thin cylindrical shell
loaded as a beam with restraining rings at the points of concentrated
loads: (1) wrinkling due to longitudinal flexural compression, which
will occur at the top and adjacent to the central band; (2) wrinkling
due to the combined action of diagonal compression resulting from the
shear and the longitudinal flexural stress, which will occur adjacent to
the central band, and which may occur anywhere between the neutral
axis and the top of the shell, depending upon the ratio of the length to
the radius of the shell; and (3) circumferential compression of the
central band which, if the yield strength is exceeded, will shorten the
circumference of the band, thus producing a radial deflection in the
top longitudinal elements of the shell, thereby reducing their resistance
to compression.
The analyses showing the relations between the load and the vari-
ous stresses that might cause failure are given in Sections 22, 23, 24,
and 25. The results of the tests and the magnitude of the various
stresses due to the load that caused failure are discussed in the follow-
ing paragraphs.
The first four specimens, Bl, B2, B3, and B4 were used in a
reconnaissance study. The analysis given in Section 24 indicates that,
for a shell with restraining rings at the sections of concentrated forces
and loaded as a simple beam with a concentrated load at the center,
failure will occur by longitudinal flexural compression rather than by
diagonal compression if the ratio of the length to the radius exceeds
2V/2. On this basis, specimens Bl and B2 should have failed due to
longitudinal compression at the top and adjacent to the central band.
Specimen B1 failed by wrinkling at the top and also wrinkled over the
whole length between the central and one end band. Specimen B2
wrinkled adjacent to the central band at the top and down to the
neutral axis on both sides, as shown in Fig. 7, but there was no
wrinkling except adjacent to the central band. The maximum flexural
stress corresponding to the load at failure was 48 500 lb. per sq. in. for
B1 and 56 900 lb. per sq. in. for B2, values a little greater than the
wrinkling stress for shells with corresponding t/R ratios and loaded
with a centric axial load, reported in Table 3 for specimens 510 to 517,
inclusive. The transverse shear at the neutral axis was high, 25 300
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lb. per sq. in. and 29 700 lb. per sq. in. for B1 and B2, respectively.
The circumferential compression* in the central band was slightly
below the yield strength as given by tension tests of control specimens,
and the reduction of the circumference of the central band was not
great enough to be detected with a measuring device that would detect
a change of 0.01 in.
After specimens B1 and B2 had been tested, the main series of
beam tests was planned. The specimens were similar to B1 and B2
and the method of testing was the same as that used for these speci-
mens. Two variables were studied, the length and the thickness of the
shell. The effective lengtht had values of 2.5 in., 4.5 in., and 6.5 in.
The longitudinal compressive stress was less than the diagonal com-
pressive stress for the specimens having effective lengths of 2.5 in. and
4.5 in., and greater than the diagonal compressive stress for those
having effective lengths of 6.0 in., 6.5 in., and 7.5 in. Six specimens
were provided for each length, three pairs having (approximately)
each of the following thicknesses, 0.015 in., 0.035 in., and 0.050 in.
At the time these tests were planned, the possibility of failure due
to circumferential compression, for specimens of the dimensions used,
was not realized and for that reason the manner of failure was not
what had been expected.
The results of the tests are presented in Table 5. The load at fail-
ure is given in column 6, the longitudinal and diagonal compressive
stresses are given in columns 7 and 8, and the transverse shear at the
neutral axis and the circumferential compression are given in columns
9 and 10. All of these stresses were computed from the maximum
load by the use of the equations for the general theory of flexure,
supplemented by the analyses of Sections 22 to 25. The shortening of
the circumference of the central band at failure is given in column 11,
and the type of failure is given in column 12. The wrinkling type of
failure of Specimen B2 is shown in Fig. 7. The large reduction in the
circumference of the central band, apparent in Fig. 8, is characteristic
of failure due to circumferential compression.
The ratio, L/R, for specimens B1, B2, B3, and B4 was so large that
the circumferential compression did not exceed the yield strength of the
material, and flexural action in accordance with the general theory of
flexure prevailed up to the load that caused failure. The maximum
*The circumferential compression was computed by the use of Equation (7), Section 25, on
the basis that the coefficient of friction between the band and the restraining ring was 0.30 and
that the circumferential compression was uniformly distributed over a portion of the shell con-
sisting of the central band and a strip 6 t wide on each side of the band. The latter portion is
relatively small for B1 and B2, but is relatively large for the thicker shells.
tThe effective length is the distance between supports less the width of the central band.
With this designation, the moment on the section at the edge of the central band, the section
where flexural failure will occur, is ¼ PL where P is the total load and L is the effective length.
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TESTS OF CYLINDRICAL SHELLS
FIG. 8. FAILURE OF SIMPLE BEAMS BY CIRCUMFERENTIAL COMPRESSION
stress was the longitudinal compression at the top, but the diagonal
compression near the top was so nearly equal to the longitudinal
compression that wrinkling, once started, extended down the sides, as
shown in Fig. 7. The wrinkling stress at failure for the four specimens,
given in column 7, agreed closely with the wrinkling stress of similar
shells having the same t/R ratio and loaded as columns, given in
Table 3 (Specimens 510 to 517, inclusive).
Specimens B2-1 to C5-1, inclusive, were designed to fail by diagonal
compression, but the circumferential compression was so large that
plastic flow due to this stress caused failure at a load lower than that
required to cause diagonal wrinkling. Diagonal wrinkling did occur
for B2-1 and C2-1, but not until the circumferential compression had
reduced the circumference of the central band by approximately % in.
This deformation was greatest at the top of the shell and caused a
curve in both the longitudinal and diagonal elements at points where
they were subjected to a maximum compression, as shown in Fig. 8.
For this reason it seems probable that the strength of B2-1 and C2-1
was reduced by the circumferential compression even though there was
diagonal wrinkling. Even so, the maximum diagonal stress correspond-
ing to the ultimate load was 32 400 lb. per sq. in. for B2-1 and 35 000
lb. per sq. in. for C2-1.
The central band acted as a ring to resist the circumferential com-
pression. The thickness of this band was the same for all rings, but
the relative effectiveness of the ring was greater for thin shells than
for thick -ones because the load-carrying capacity, which determines
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the circumferential compression, was less for the former than for the
latter. This is evident from each of the lower three groups of tests in
Table 5. For each group the thickness of the shell was approximately
0.02 in. for the top two specimens, 0.035 in. for the middle two, and
0.05 in. for the bottom two. If the manner of failure had been in
accordance with the general theory of flexure, the thick shells would
have resisted a greater stress than the thin ones because of their
greater stability resulting from the greater t/R ratio. Just the opposite
is observed to have occurred. That is, the thin specimens developed a
higher compressive stress than the thick ones. This was true for each
of the three groups, as indicated by the following statements. For the
second group, the values of the maximum stress developed, the average
of two tests in each instance, were 33 700 lb. per sq. in., 23 100 lb. per
sq. in., and 20 000 lb. per sq. in. for shells with thicknesses of approxi-
mately 0.020 in., 0.035 in., and 0.050 in., respectively. The correspond-
ing values for the third group were 33 600 lb. per sq. in., 25 800 lb.
per sq. in., and 21 200 lb. per sq. in., and for the fourth group they
were 44 800 lb. per sq. in., 32 500 lb. per sq. in., and 29 800 lb. per
sq. in. Moreover, the computed value of the circumferential stress at
failure was approximately the same for all specimens of a group. The
effect of the plastic flow under circumferential compression in reducing
the circumference of the central band, thereby reducing the compres-
sive strength of both longitudinal and diagonal elements that extend
into the region of plastic flow, is readily apparent in Fig. 8.
The tests reported in Table 5 were planned to determine the
wrinkling stress under longitudinal and diagonal compression of a thin
shell loaded as a beam but, because the possibility of a failure by cir-
cumferential compression was not anticipated for specimens of the
dimensions used, the objective was only partially attained. The follow-
ing statements, however, appear to be justified by the tests.
The tests of the first group indicate that where the longitudinal
exceeded the diagonal compression, the wrinkling stress was approxi-
mately the same for a thin shell in flexure as it was for a similar shell
loaded as a column, the t/R ratio having a value of approximately
0.007 in each instance.
For specimens B2-1, C2-1, B2-2, and C2-2, the diagonal exceeded
the longitudinal compression, but primary failure was by circum-
ferential compression. The computed diagonal stress, the average for
four tests, was 33 800 lb. per sq. in. for thin shells having a t/R ratio
of approximately 0.01. Specimens 210 to 229, inclusive, of Table 3,
and having the same t/R ratio, had a wrinkling strength when loaded
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FIG. 9. APPARATUS FOR SUBJECTING FABRICATED SHELLS TO
SIMULTANEOUS AXIAL AND TRANSVERSE LOADS
as columns of 58 950 lb. per sq. in. How much of the difference
between the two wrinkling stresses is due to the plastic flow caused
by the circumferential compression is problematic.*
III. TESTS OF FABRICATED SPECIMENS
7. Combined Axial and Transverse Loads.-Tests were made on
fabricated specimens to determine the effect of simultaneous axial
and transverse loads. The specimens, shown in Fig. 9, had an outside
diameter of 30 in. and each was fabricated from a single -1/in. steel
plate with a longitudinal butt-weld seam.
The apparatus for loading the specimen is shown in the figure.
The force was applied through knife edges at the top and bottom
*See Section 14 for the results of similar tests of fabricated specimens.
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TABLE 6
PHYSICAL PROPERTIES OF PLATES AS DETERMINED FROM CONTROL SPECIMENS
PARALLEL WITH AND AT RIGHT ANGLES TO DIRECTION OF ROLLING
Plates 0.25-in. thick
Longitudinal Specimens Transverse Specimens
Speci-
men Yield Ultimate Elonga- Reduc- Yield Ultimate Elonga- Reduc-
No. Point Strength tion in tion of Point Strength tion in tion of
lb. per lb. per 8 in. Area lb. per lb. per 8 in. Area
sq. in. sq. in. per cent per cent sq. in. sq. in. per cent per cent
Specimens Subjected to Combined Transverse and Axial Load
El 36 100 60 600 31.6 53.3 36 200 58 800 29.6 53.5
E2 34 800 58 800 28.1 50.7 34 500 61 500 24.3 50.1
F1 36 600 57 700 29.2 57.1 34 800 59 200 28.9 53.0
F2 35 950 58 900 29.6 58.4 36 800 61 500 27.8 49.2
G1 37 650 58 900 28.8 57.5 35 800 58 500 27.4 54.8
G2 35 150 58 500 27.6 59.2 33 900 58 100 30.9 50.0
Specimens Loaded as Beams
Al 39 700 65 200 27.8 48.3 39 500 65 600 29.6 49.0
A2 40 000 65 300 28.5 48.8 41 300 65 500 28.7 52.2
B1 40 300 65 300 29.0 53.8 40 900 65 200 29.0 51.5
B2 39 600 63 900 33.5 54.7 40 200 65 500 31.9 52.6
C1 41 200 64 300 27.5 53.6 40 800 65 200 28.4 48.9
C2 43 300 64 500 30.0 50.6 40 800 64 800 28.9 48.3
D1 40 800 65 800 28.1 52.7 38 700 64 200 28.9 51.2
D2 40 700 64 600 30.9 53.4 37 400 64 700 28.9 50.7
located so that the thrust line passed through the edge of the kern at
each end of the specimen. In computing the stresses resulting from a
given load, the force was resolved into two components at the point
where its line of action intersected the transverse plane at mid-length
of the specimen, one component being a centric axial force and the
other a transverse force acting at mid-length of the specimen. The
former produced a uniformly distributed axial stress and the latter
produced a flexural stress and a transverse shear.
There were three groups of two identical specimens each. The
specimens of the various groups differed in length and in the ratio of
the transverse to the axial loads. The lengths had values of 30 in.,
60 in., and 120 in., and the ratios of the transverse to the axial loads
had values of 0.50, 0.25, and 0.125.
All specimens were cut from the same parent plate and the physical
properties of the plate material were determined from standard control
specimens. There were twelve control specimens tested, six were cut
longitudinally with and six transversely across the direction of rolling.
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TABLE 7
STRENGTH OF FABRICATED SHELLS SUBJECTED TO COMBINED
AXIAL AND TRANSVERSE LOADING
Strength of the Transverse
Material Shearing Stress
Ratio of lb. per sq. in. Stress at Computed
Speci- eh Trans- Neutral Axis from
men ngt rse Maximum Computed Maximum
No. to Axial Load from Load
Load Yield Ultimate lb. Maximum lb. per
Point Strength Load sq. in.*
lb. per sq. in.
(1) (2) (3) (4) (5) (6) (7) (8)
E1 30 0.50 491 000 18 800 37 900
E2 30 0.50 514 000 19 700 39 700
Av. 19 300 Av. 38 800
Fl 60 0.25 0 59 50 458 000 9 500 38 400
F2 60 0.25 507 000 10 500 42 500
Av, 10 000 Av. 40 500
G1 120 0.125 471 000 5 000 40 300
G2 120 0.125 482 000 5 100 41 300
Av. 5 050 Av. 40 800
P Me
*Stress = - + m
-4 I
The physical properties, as determined from these control specimens,
are given in the top portion of Table 6. The results obtained from the
longitudinal and transverse control specimens do not differ by a
significant amount, and the yield point of the material, the average
from the twelve coupons, was 35 700 lb. per sq. in.
The specimens were loaded to failure with the apparatus shown
in Fig. 9, and the maximum load-carrying capacity was noted. The
appearance of the specimens after failure is shown in Figs. 10 and 11,
and the results of the tests are given in Table 7. The yield point of
the material and the stress computed from the maximum load are given
in columns 4 and 8. It is to be noted that the wrinkling stress exceeded
the yield point for all specimens. Tests of fabricated shells subjected
to centric axial loads gave a wrinkling stress approximately equal to
the yield point for specimens having the same t/R ratio as the speci-
mens of Table 7.*
The shells subjected to combined axial and transverse loads
developed approximately the same wrinkling stress as similar shells
loaded as columns, the longitudinal flexural stress resulting from the
transverse load being included in computing the wrinkling stress due
to a given load. This was true for specimens for which the load pro-
duced a transverse shearing stress of the order of 20 000 lb. per sq. in.
*Univ. of Ill. Eng. Exp. Sta. Bul. 292, Fig. 21, page 28.
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FIG. 11. SPECIMEN G AFTER FAILURE
This result was to be expected, since the transverse shearing stress was
zero where the flexural stress was greatest, and the flexural stress was
zero where the shearing stress was greatest.
IV. TESTS OF FABRICATED SPECIMENS AS BEAMS
8. Introduction.-The cylindrical shells had a small thickness rela-
tive to the radius and, for that reason, were quite flexible and could be
deflected from their original cylindrical form by relatively small radial
forces. Because of this fact there has been some question as to whether
or not the general theory of flexure was applicable to such shells
loaded as beams. The object of the tests was to obtain information
bearing upon this question. The observations included:
(1) The circumferential compression of the shell at the loading
and supporting rings
30 ILLINOIS ENGINEERING EXPERIMENT STATION
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FIG. 13. APPARATUS FOR LOADING FABRICATED SHELLS AS BEAMS
(2) The vertical deflection of the top of the shell adjacent to
the loading rings, and of the bottom of the shell adjacent to the
supporting rings
(3) The vertical deflection of the neutral axis
(4) The change in the horizontal diameter of the shell
(5) The shear at the neutral axis
(6) The longitudinal flexural stress at a section midway between
the loading rings.
The fabricated cylindrical shells tested as simple beams included
twelve specimens, six groups of two identical specimens each. The
details of the specimens are shown in Fig. 12. All were made of %-in.
plate, and each specimen was made from a single piece, the only seam
being a longitudinal butt weld. The outside diameter was 30 in. for
all specimens except D1 and D2, for these it was 28 in. The physical
properties of the plate material, as given by tests of standard control
specimens, are listed in Table 6.
The apparatus for loading the specimens is shown in Fig. 13. The
loading rings and the supporting rings completely enclosed the shell,
and were heavy enough to hold the shell to its original shape. The
distance between the loading rings had the same value, 30 in., for all
tests, but the distance between a loading ring and the adjacent sup-
port had different values for the various tests, so as to change the
relation between the shear and the moment to which the specimen was
subjected.
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FIG. 14. SPECIMEN Al AFTER FAILURE
9. Circumferential Compression.-The analysis of Section 25 indi-
cates that if a shell is enclosed, but not attached to a loading or sup-
porting ring, the transverse shear in the shell at sections just outside
of the ring will produce a circumferential compression in a narrow
band of the shell inside of the ring and extending a short (unknown)
distance on each side.
If there is no friction between the shell and the ring, then the total
P
compression on the band is given by the equation T=- (1 -cos 0),
in which T is the total circumferential compression on a radial sec-
tion making an angle 0 with a vertical plane through the axis of the
shell, and P is the total load on the ring or the total reaction of the
support.
If there is friction between the shell and the ring, then the total
circumferential compression is given by the equation
P
T = -- [f sin 0 - cos 0 + e-f ]
S(1 + f2)
in which f is the coefficient of friction and e is the base of natural
logarithms, 2.71828. This equation is identical with the one given
in the previous paragraph for a value of f equal to zero.
As stated in Section 25, the maximum value of T occurs at a point
where 0 = 180 degrees if there is no friction, and at a point where 0 is
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FIG. 15. CIRCUMFERENTIAL STRAIN AT LOADING AND SUPPORTING
RINGs. SPECIMEN A2
somewhat less than 180 degrees if there is friction, the exact value of
0 in the latter instance depending upon the value of f.
Specimen Al, shown in Fig. 12a, was the first of the fabricated
shells to be tested as a beam. The distance from the loading ring to the
supports was great enough, it was believed, so that primary failure
would be due to flexure, and the circumferential compression was not
measured. But, because the band over which the circumferential com-
pression spread was so narrow, a circumferential groove was formed
at the loading rings, as shown in Fig. 14, before flexural failure oc-
curred. Consequently, for subsequent tests, the circumferential strain
was measured on 2-in. gage lines spaced 45 degrees apart on the
inside of the shell at the loading rings and the supports, the readings
being taken over the entire circumference at the former, but over the
lower half only at the latter.
The strain at the loading and supporting rings of specimen A2 is
shown by the diagrams of Fig. 15. The horizontal base lines for these
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FIG. 16. CIRCUMFERENTIAL STRAIN AT LOADING AND SUPPORTING
RINGS. SPECIMENS Cl AND C2
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diagrams represent the developed circumference of the shell, and the
vertical ordinates represent the unit strain. It is to be noted that the
strain was very small at a load of 110 000 Ib., somewhat greater at a
load of 165 000 lb. and many times greater at a load of 220 000 lb.
Flaking of the mill scale on the shell was first noted adjacent to the
rings at a load of 150 000 lb. The diagrams of Fig. 15 show a strain
at a load of 165 000 lb. equal to the elastic strain corresponding to
the yield point of the material, and a strain at a load of 220 000 lb.
approximately ten times as great.
The specimen was subjected to a maximum load of 228 000 lb.
The circumference of the shell at the loading ring was reduced 1.95
in., and the circumference a few inches from the ring had not changed,
indicating that the large groove shown in Fig. 14 was due to circum-
ferential compression and not due to a bulging of the pipe adjacent to
the ring. The figure also shows that the band of the shell over which
plastic flow occurred was comparatively narrow; the measured width
was 6 in. for Al and 5.5 in. for A2.
The equation for the circumferential compression gives the total
force, but the width over which the force was distributed is not known.
The width over which plastic flow occurred at the maximum load was
of the order of 6 inches. Assuming that, within the elastic range, the
compression was distributed over a width of 5 inches,, and assuming
that the stress varied as the ordinates of a parabola so that the aver-
age stress would be two-thirds of the maximum, and with f = 0.30,
then the maximum compressive stress corresponding to a load of 150-
000 lb., the load at which scaling was first noted, would be 38 800 lb.
per. sq. in. The yield point of the steel, given in Table 6, was 40 000
lb. per sq. in. The circumferential stress was not measured for Al, but
scaling of the shell was first noted at a load of 164 000 lb. The maxi-
mum unit compression corresponding to this load, computed as for
A2, was 41 400 lb. per sq. in.
Specimens Cl and C2, shown in Fig. 12c, were similar to Al and A2
except that the distance from a loading ring to the adjacent supporting
ring was only 12 in., thus making the shearing stresses high relative
to the flexural stresses.
These specimens were tested in the same manner as A2, and scaling
adjacent to the loading rings was first noted at a load of 125 000 lb.
for C1, and at 145 000 lb. for C2. The measured values of the circum-
ferential strain at the loading rings and supports are given by the
diagrams of Fig. 16. It is of interest to note that, for C1, increasing
the load from 65 000 lb. to 130 000 lb. doubled the strain, whereas,
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increasing the load above 130 000 lb. increased the strain many times.
Likewise, for C2, the strain exceeded the elastic strain at the yield
point at a load of 165 000 lb. For these specimens also the groove
caused by the circumferential compression was narrow and deep. As-
suming, as for A2, that the elastic compression was spread over a
width of 5 inches, and that the average strain was two-thirds of the
maximum, the maximum compressive stress corresponding to the
load at which scaling was first noted was 32 300 Ib. per sq. in. for C1,
and 37 500 lb. per sq. in. for C2. These values are a little less than
the values of the yield point of the materials, 41 200 Ib. per sq. in. for
C1, and 43 300 lb. per sq. in. for C2.
Specimens D1 and D2, shown in Fig. 12d, were tested at the same
distance between the load and support as C1 and C2, but 1-in. rollers
were inserted between the shell and the loading ring, and between the
shell and the support, as shown in the figure, which, it is believed,
greatly reduced the friction. The shells had an outside diameter of
28 in. in order that the same loading apparatus could be used for those
with the rollers as had been used for the 30-in. shells without rollers.
Scaling at the roller contact-points was first noted at 105 000 lb. for
Dl, and at 70 000 lb. for D2. General scaling for the latter occurred
at a load of 100 000 lb. The diagrams of Fig. 17 indicate that com-
pressive stresses equal to the yield point of the material were produced
at loads of approximately 100 000 lb. On the basis of the same as-
sumptions as were used for A2, except that the coefficient of friction
was taken as 0, the computed maximum unit compression produced
by a load of 100 000 lb. was 38 200 lb. per sq. in. The yield point of
the material, as given in Table 6, was 40 800 lb. per sq. in. for Dl,
and 40 700 lb. per sq. in. for D2. The maximum unit stress that would
have been produced by a load of 100 000 lb., if no provision had been
used to reduce friction, based upon the same assumptions as in the
computations for A2, would have been 25 900 lb. per sq. in., indicating
that the elimination of friction between the shell and the ring did
increase the circumferential compression considerably.
Specimens B1 and B2 were originally fabricated without reinforcing
rings but, when the tests of the other specimens showed a high circum-
ferential compression, specimens B1 and B2 were reinforced with
112-in. x %-in. bands inside the shell at the loading rings and supports.
These were fastened to the shell with continuous fillet welds extending
around the shell on the inside. These specimens were then tested in the
same manner as the others. Scaling adjacent to the loading rings was
noted at a load of 185 000 lb. for B1, and at a load of 180 000 lb.
FIG. 18. CIRCUMFERENTIAL STRAIN AT LOADING AND SUPPORTING
RINGS. SPECIMENS B1 AND B2
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for B2. The right-hand portions of the strain diagrams of Fig. 18 are
far from satisfactory,* but the left-hand portions show that the circum-
ferential compression did not generally exceed the yield point of the
material until a load of the order of 300 000 lb. had been applied. No
large decrease in the circumference occurred until the load had nearly
reached the ultimate, which was 593 000 Ib. for B1, and 605 000 lb.
for B2.
Assuming, as for the other specimens, that the unit circumferential
compression varied across the stressed band as the ordinates of a
parabola, and considering that the reinforcing ring and the fillet welds
acted with the shell in resisting the circumferential compression, the
latter would have to be distributed over a band 5.6 in.t wide for the
maximum stress to equal 40 000 Ib. per sq. in., the yield point of the
material, at a load of 300 000 lb.
Figure 19 shows specimen B1 after failure. The left-hand portion
shows the groove at the top of the shell and under the loading ring,
and the right-hand portion shows the clearance at the top of the sup-
port due to the groove on the under side of the shell at the support.
The primary failure was the formation of a deep groove at the top of
the shell adjacent to the loading ring due to the circumferential com-
pression. This, by bending both the longitudinal and diagonal elements
of the shell, reduced their resistance to compression and brought about
the diagonal wrinkles, the secondary failure so noticeable in the
figure.
The shear at the neutral axis of a cylindrical shell loaded as
a beam, computed by the general theory of flexure, is J/irrt per unit
area.$ This amounted to 0.085P lb. per sq. in. for the shells tested.
The maximum total circumferential compression on a portion of the
shell inside of and adjacent to the loading or supporting ring was
0.431P for a coefficient of friction of 0.30. (This is for 0 = 155 degrees).
If, as the tests indicate, this compression was distributed over a belt 4
in. wider than the supporting ring, and if the average unit stress was
2/ of the maximum, then the maximum circumferential stress for the
*For these specimens, the two edges of the plate that were welded together to form the
longitudinal seam in the shell were not quite in line when the weld was made. As a result, the
portion of the shell on one side of the seam was not in contact with the loading and supporting
rings at the beginning of the test. As the load was increased, this portion of the shell was forced
out, thus producing a flexural tension on the inside of the plate at C for the loading ring and at
E for the support, where the circumferential compression was measured. This is believed to be
the explanation of the tension reported at C for the diagrams of Figs. 18a and 18c, and at E for
the diagrams of Figs. 18b and 18d. The tension at E, Figs. 18a and 18c, is accounted for by the
fact that there was no normal pressure between the shell and the loading ring at this point at the
beginning of the test. As the load was increased, D and G moved toward A, and pulled the shell
away from the ring at E, producing a flexural tension on the inside of the shell at this point.
tThe loading rings and supporting rings were 1 in. wide for all specimens. The reinforcing
ring was 1.5 in. wide (plus the fillet weld) for BI and B2, so that the reinforcing ring increased
the effective width of the loading rings a little more than 1/2 in. This would apparently justify
the use of an assumed width of 5.6 in., whereas an assumed width of 5 in. was used for the other
specimens.
'Equation (1), page 110.
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FIG. 19. SPECIMEN B1 AFTER FAILURE
specimens tested was 0.310P lb. per sq. in., a value many times greater
than the unit shear.
The tests described in the previous paragraphs appear to justify the
following statements relative to the circumferential compression at the
loading and supporting rings of the fabricated shells tested as beams.
(1) The measured strains, although somewhat erratic, indicate that
the equation
P
T = - [f sin 0 - cos 6 + e- ],
S(1 + 2)
gave the total compression on the stressed band of the specimens with
a fair degree of accuracy if the stressed band is assumed to be 4 in.
wider than the ring, and if f is assumed to be 0.30. Moreover, this
width seems reasonable, since the width of the band on which plastic
flow occurred was of the order of 6 inches at the ultimate load which
produced a total reduction of the circumference of the order of 1 inch
to 2 inches.
(2) Rollers between the shell and the rings reduced the load re-
quired to produce a yield-point stress, and the reduction agreed fairly
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FIG. 20. LOADED FLAT PLATE ON PARALLEL SUPPORT
well with the reduction in the computed value when the coefficient of
friction was reduced from 0.30 to zero.
(3) For a shell loaded as a beam, as in these tests, circumferential
compression may be a more likely cause of failure than either trans-
verse shear or diagonal compression. It is true, however, that the
danger of failure from circumferential compression can be eliminated
by (1) increasing the width of the supporting ring or pedestal,
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FIG. 22. CHANGE IN DIAL READINGS. TOP OF SHELL AT
LOADING RING. SPECIMEN A2
(2) using a reinforcing ring around the shell at the loading or support-
ing points, or (3) welding the shell to the loading and supporting rings.
10. Vertical Deflection of Top and Bottom of Shell.-A flat plate
lying on two closely-spaced parallel supports and carrying a load
placed between the supports will bend as shown in Fig. 20. The
question has been asked whether or not a thin cylindrical shell acting
as a beam and loaded through and supported by enclosing rings will be
deflected at the top and bottom in the same manner. Observations
were made to obtain information bearing on this question.
The vertical deformation of the top of the shell adjacent to the
loading rings was measured with a portable gage, as shown in Fig. 21.
Small holes were drilled in the bottom surface of the bracket and on
the top of the shell at intervals of 2 in. as shown. A portable instru-
ment with conical points to be fitted into these holes was used to
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FIG. 23. (a) DEFLECTION AT TOP OF SHELL AT LOADING RING. SPECIMEN A2;
(b) DEFLECTION AT BOTTOM OF SHELL AT SUPPORTS. SPECIMEN A2
measure the distance from the bracket to the top of the shell. The
deflection of the bottom of the shell adjacent to the supports was
measured in a similar manner. The method has this disadvantage. If
the plane of the loading ring tips slightly relative to the axis of the
shell, the readings on one side of the ring will be decreased and
the corresponding readings on the other side will be increased by the
same amount, and this tipping must be considered in interpreting
the results. For example, the distances of the small circles above the
base line, Fig. 22, represent the changes in the dial readings at the
various loads, but their distance from the dotted line represents the de-
flection of the top of the shell. The deflection diagrams of Fig. 23a
were obtained from the diagrams of Fig. 22 in the manner outlined.
Likewise the deflection diagrams of Figs. 23 to 28 have been de-
termined from the dial readings in the same manner.
The diagrams of Figs. 23a and 15a indicate that, at loads for which
the circumferential compression was below the yield point of the
material, the vertical deflection at the top of the shell was very small
but, at loads for which the circumferential compression exceeded the
yield point, the vertical deflection at the top of the shell and adjacent
to the loading ring was relatively large. A comparison of the two
sets of diagrams for all specimens tested, the circumferential-compres-
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FIG. 24. DEFLECTION OF TOP AND BOTTOM OF SHELL AT LOADING
RING AND SUPPORTS. SPECIMENS C1 AND C2
sion diagrams of Figs. 15 to 18 and the deflection diagrams of Figs.
23 to 28, indicates that the vertical deflection at the top and bottom
of the shell was closely related to the circumferential compression for
all specimens. The A specimens were identical with the F specimens
except that the latter had reinforcing rings and the former did not.
Moreover, the two pairs of specimens were identically loaded. Never-
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FIG. 25. DEFLECTION OF TOP AND BOTTOM OF SHELL AT LOADING
RING AND SUPPORTS. SPECIMENS D1 AND D2
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FIG. 26. DEFLECTION OF TOP AND BOTTOM OF SHELL AT LOADING
RING AND SUPPORTS. SPECIMENS BI AND B2
theless a load of 220 000 lb. produced a deflection at the top of A2
of 0.16 in. (Fig. 23a), whereas a load of 500 000 lb. produced a de-
flection at the top of F1 and F2 of less than 0.10 (Figs. 28a and 28c).
Specimens C and D were similar except that rollers between the shell
and the loading and supporting rings were provided for D but not
for C. These rollers eliminated the friction and increased the circum-
ferential compression for a given load. A load of 165 000 lb. deflected
C2 0.01 in. (Fig. 24c), whereas a load of 105 000 lb. deflected D1
0.03 in. (Fig. 25a). It would appear, therefore, that the following
conclusions are justified.
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FIG. 29. COMPARISON OF MEASURED AND COMPUTED DEFLECTIONS
OF NEUTRAL Axis. SPECIMENS Al AND A2
The local deflection of the top and bottom of the shell adjacent
to the loading and supporting rings was due directly to the circum-
ferential compression, and was very small until the circumferential
compression exceeded the yield point of the material.* The deflec-
tion was not of the character of the deflection of the flat plate of
Fig. 20. A deflection other than that accompanying circumferen-
tial compression could not take place unless there was a large vertical
shear deformation at the mid-depth of the shell, and this portion,
being vertical, or nearly so, over a considerable depth, was in a position
to resist a large vertical shear with only a small shear deformation.
That is, here, as always, the stress followed the stiffest path.
11. Vertical Deflection of Neutral Axis of Shell.-The details of
the specimens are shown in Fig. 12 and the loading apparatus is shown
in Fig. 13. Measurements were taken on both the north and the south
*A circumferential compressive stress below the yield point would permit some deflection of
the top of the shell adjacent to the loading ring because of the elastic circumferential deformation.
The deflection due to an average stress around the shell of 15 000 lb. per sq. in. would be of
the order of 0.01 inch for a 30-in. shell.
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FIG. 30. COMPARISON OF MEASURED AND COMPUTED DEFLECTIONS
OF NEUTRAL AxIS. SPECIMENS B1 AND B2
sides of the specimen to determine the vertical movement of points on
the shell at mid-depth. The results of the tests are given by the dia-
grams of Figs. 29 to 34, inclusive. The full lines represent computed
values, and the small circles connected with broken lines represent
measured values. The computed values are based upon the general
theory of flexure, and include the deflection due to shear.
Specimens Al, A2, El, and E2 were the only ones long enough to
have a longitudinal flexural stress of any considerable magnitude.
The measured and computed values of the deflection for Al and A2,
r"- - _ ± +• I 1
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FIG. 31. COMPARISON OF MEASURED AND COMPUTED DEFLECTIONS
OF NEUTRAL AXIS. SPECIMENS C1 AND C2
shown in Fig. 29, were in almost perfect agreement up to a load of
200 000 lb. for Al, and up to 165 000 lb. for A2, but the deflection
increased rapidly with a small increase in load beyond these values.
The circumferential strain was not measured for Al, but for A2 its
value was about 10 times as great at a load of 220 000 lb. as it was
at a load of 165 000 lb. This increase in strain produced circumfer-
ential grooves on the compression side of the shell, thus kinking the
longitudinal elements and reducing their ability to resist compression.
The large increase in deflection is attributed to this phenomenon.
Specimens B, C, D, and F were so short that the elastic deflection
ILLINOIS ENGINEERING EXPERIMENT STATION
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FIG. 32. COMPARISON OF MEASURED AND COMPUTED DEFLECTIONS
OF NEUTRAL AXIS. SPECIMENS D1 AND D2
was very small and due largely to shear. Because the elastic deforma-
tion was so small the errors in the measurements were relatively large,
and the agreement between the measured and the computed values was
not as significant as it was for the longer specimens. Nevertheless, it
is interesting to note that, in a general way, an increase of the
measured over the computed value began at about the load at which
the circumferential compression began to increase rapidly. This was
true for the B and F specimens which had reinforcing rings, for the
D specimens that had rollers between the shell and the rings to re-
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------ CompL/ed /a7//es
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FIG. 33. COMPARISON OF MEASURED AND COMPUTED DEFLECTIONS
OF NEUTRAL AXIS. SPECIMENS El AND E2
duce friction, and for the C specimens that had neither reinforcing
rings nor rollers.
The relation between the load and the deflection of the neutral axis
at the center of the span for the various specimens is shown by the
diagrams of Fig. 35. The full lines represent the computed values,
and the small circles represent the measured values.
12. Change in Diameter of Shell.-One object of the tests was to
determine whether or not a cylindrical shell with a diameter large
relative to its thickness would, when loaded as a beam, retain its
cylindrical shape and act in accordance with the theory of flexure
developed for beams with a more rigid section. For this reason, the
horizontal diameter at various loads was measured for all specimens
and the vertical diameter was measured for specimens El, E2, Fl,
and F2. Readings were taken intermediate between the rings for all
specimens. They were also taken adjacent to the loading and sup-
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porting rings for specimens A to D, inclusive, and in the plane of
the rings for specimens E and F.
The results of the tests are given in Figs. 36 to 43. In general the
change in diameter, even at the largest loads at which readings were
taken, was nearly as great 2 in. from the rings as it was halfway
between the rings, indicating that there was little bulging except that
adjacent to the rings, which was caused by the circumferential com-
pression which produced grooves at the rings.
The change in the diameter at the load which produced a yield-
point circumferential stress did not exceed 0.10 in. and, in general,
was much less. These tests would therefore appear to justify the
following statement:
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FIG. 38. CHANGE IN HORIZONTAL DIAM- FIG. 39. CHANGE IN HORIZONTAL DIAM-
ETER OF SHELL. SPECIMENS ETER OF SHELL. SPECIMENS
Cl AND C2 D1 AND D2
Cylindrical shells loaded as beams, for which the loading and sup-
porting rings enclosed the shell, did not deviate materially from their
original shape even at loads near the ultimate except for local deforma-
tion near the rings due to circumferential compression.
13. Shear at Neutral Axis.-One step in determining whether or
not a cylindrical shell loaded as a beam acts in accordance with the
general theory of flexure was to compare the measured shear with the
shear computed by that theory. Since the longitudinal stress at the
neutral axis was zero, the longitudinal and transverse shears at that
axis were equal to the diagonal stress on the 45-degree lines. This
being true, the shear could be obtained from the measured diagonal
strains.
The strain on two mutually perpendicular 45-degree lines at the
neutral axis was measured with a 2-in. strain gage, readings being
taken on both sides and both ends of each specimen. These strains
were then converted into stress, proper allowance being made for the
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FIG. 42. CHANGE IN HORIZONTAL FIG. 43. CHANGE IN VERTICAL
DIAMETER OF SHELL. SPECI- DIAMETER OF SHELL. SPECI-
MENS Fl AND F2 MENS Fl AND F2
Poisson's-ratio effect. The measured shear at the neutral axis was
considered to be equal to the diagonal stress thus determined.
The shearing stress at the neutral axis of a shell, as determined
by the general theory of flexure, is given by the equation* S = J/irrt,
in which J is the total shear on the section.
The measured and computed values of the shear were compared
in Figs. 44 to 48, inclusive. The values computed by the elastic theory
are represented by the dotted lines and those computed from the
measured diagonal strain are represented by the small circles con-
nected with a full line. For specimens B, C, and D, each circle repre-
sents the average of four measured strains, one on each side of the
shell at each end; for the E and F specimens, each circle represents
the average of eight strains, four on the inside and four on the outside
of the shell. The lines based upon the measured tension are above
*Equation (1), Section 23.
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FIG. 44. RELATION BETWEEN LOAD AND SHEAR AT NEUTRAL
Axis. SPECIMENS B1 AND B2
and those based on the measured compression are below the base line.
A change in the curvature of the shell that produced a flexural tension
increased the total diagonal tension on one 45-degree line, and de-
creased the diagonal compression in a direction perpendicular to the
first, or the reverse. This being true, averaging the two shears, one
computed from the diagonal tension and the other from the diagonal
compression, reduced errors due to a change in curvature. The full-
line diagram of the lower group of curves for each specimen represents
the average of the two values of the shear, one obtained from the
measured diagonal tension and the other from the measured diagonal
compression. Although some of the measured values are erratic, the
average values are in fair agreement with the values computed by the
general theory of flexure at loads below the yield point. The values
obtained from the strain are greater than those obtained by the theory
of flexure at loads above the yield point,
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The B and F specimens were designed to fail by diagonal wrinkling
due to shear, but the B specimens, even though they had reinforcing
rings at the load points, failed by circumferential compression. The
deflection diagrams of Fig. 28 indicate that, even for Fl and F2, the
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circumferential stress produced grooves at the loading ring before
failure occurred by diagonal wrinkling. Specimens Fl and F2 carried
loads of 564 000 lb. and 576 000 Ib., respectively. The diagonal com-
pression at a load of 570 000 lb., computed by the general theory of
flexure, was 24 400 Ib. per sq. in. There was a diagonal tension at the
neutral axis equal to and normal to the compression. Because of the
Poisson's-ratio effect, this tension produced a deformation in the direc-
tion of the diagonal compression so that the total deformation was
equal to that produced by a uniaxial compression of 30 500 lb. per sq.
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in. This is somewhat less than the yield point of the material as given
by tests of control specimens, which was 37 850 lb. per sq. in.
The strips of the shell that resist the diagonal compression lie in a
diagonal position, and their elements in the direction of stress are
curved. Moreover, these strips extend into the groove at the loading
ring. Their failure by buckling at a load below the load that produces
a diagonal yield-point stress probably was due in part to the biaxial-
stress condition, in part to the curvature in the diagonal strip of the
shell that functioned as a column, and in part to the groove at the
loading ring resulting from the circumferential compression.
The failure of F2 by diagonal wrinkling is shown in Fig. 49.
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FIG. 49. SPECIMEN F2 AFTER FAILURE
The tests described in this section apparently justify the following
statements:
(1) The measured diagonal strain on 45-degree lines at the neutral
axis was in fair accord, at small loads, with the strain computed by the
general theory of flexure, proper allowance having been made for the
Poisson's-ratio effect resulting from the biaxial-stress condition. At
larger loads the measured value of the strain exceeded the computed
value.
(2) The diagonal stress corresponding to the maximum load, com-
puted by the general theory of flexure, was only two-thirds of the
TESTS OF CYLINDRICAL SHELLS
Stress in /000's of /b. per sq. /it
Stress i/n /00o of /b. per sq. /i.
FIG. 50. LONGITUDINAL STRESS AT MID-LENGTH. SPECIMENS Al AND A2
yield point of the material. The relatively low load-carrying capacity
was attributed in part to the biaxial-stress condition at the point of
maximum stress, in part to the fact that the diagonal strips of the
shell that act as columns are not straight, but curved, in the direction
of stress, and in part to the circumferential compression at the loading
ring.
14. Longitudinal Flexural Stress at Mid-Span.-The longitudinal
flexural stress at mid-span was measured on 8-in. gage lines spaced at
30-degree intervals around the shell. The results are given by the
diagrams of Figs. 50 to 55, inclusive, the measured values being repre-
sented by full lines, and the computed values by dotted lines.
The diagrams of Fig. 50 show that the measured and the computed
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FIG. 51. LONGITUDINAL STRESS AT MID-LENGTH. SPECIMENS B1 AND B2
values of the longitudinal stress are in fair agreement at loads up
to 200 000 lb. for specimen Al, and at loads up to 165 000 lb. for
specimen A2. The distribution of the stress around the shell changed
greatly as the load was increased above these values, the measured
values decreasing at the extreme top of the shell and increasing a small
distance below the top.
A comparison of the diagrams of Fig. 15 with those of Fig. 50
reveals that the change in the distribution of the flexural stress oc-
curred at approximately the load at which the circumferential com-
pression exceeded the yield point. The explanation is quite obvious.
The circumferential flow produced a groove over the top of the shell
at the loading rings, and this groove put a kink in the compression
elements of the shell, thereby reducing their capacity to resist com-
cl,,^,,. :, fn nn'/ /*i/ /A *-i,>- ^/^ /
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FIG. 52. LONGITUDINAL STRESS AT MID-LENGTH. SPECIMENS C1 AND C2
pression. As a result, the compressive stress was reduced at the
extreme top, and a compensating increase occurred on elements below
the top. Because the circumferential compressive stress reached the
yield point at a load considerably less than the load necessary to
produce a yield-point flexural stress, it reduced the flexural strength
of the shell.
The influence of the circumferential stress upon the longitudinal
stress was even more marked for the C and D specimens, Figs. 52
and 53, than it was for specimen A, due to the fact that the ratio of
the circumferential to the flexural stress was so much greater for the
latter than for the former. In fact, the flexural stress at the extreme
top and bottom of the shells, the points of maximum flexural stress as
given by the theory of flexure, was nearly zero at all loads. The B
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FIG. 53. LONGITUDINAL STRESS AT MID-LENGTH. SPECIMENS D1 AND D2
specimens, which also had a large ratio of shear to flexure, but which
were reinforced against circumferential compression, developed a longi-
tudinal compression at the top of the order of 12 000 Ib. per sq. in.
(Fig. 51); and the F specimens, which were identical with the B
specimens except that they were more heavily reinforced against cir-
cumferential compression, developed a longitudinal compression at the
top of 15 000 lb. per sq. in. (Fig. 55). The E specimens, which had a
relatively small ratio of shear to flexure, and which were identical
with the A specimens except that they had adequate reinforcing
against circumferential compression, developed a longitudinal strain
at the top almost equal to the elastic strain at the yield point of the
material (Fig. 54). Moreover, the strain varied fairly consistently as
the distance from the neutral axis, nearly up to the yield-point load.
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Stress /i /M0's of /b. per sq. in
FIG. 54. LONGITUDINAL STRESS AT MID-LENGTH. SPECIMENS El AND E2
Specimens Al, A2, El, and E2 were the only ones tested that were
designed for flexural failure. The A specimens were not reinforced
against circumferential compression and failed because of this latter
stress before developing their full capacity in flexure. Specimens El
and E2 carried maximum loads of 431 000 lb. and 429 000 lb., re-
spectively. The unit stress in flexure due to a load of 430 000 lb.,
computed by the theory of flexure, was 44 900 lb. per sq. in., a value
somewhat greater than the yield point of the material as given by
control tests, 37 650 lb. per sq. in. The flexural failure of specimen
El is shown in Fig. 56.
The Fl and F2 specimens failed at loads of 564 000 lb. and
576 000 lb., respectively. The flexural stress corresponding to a load
of 570 000 lb., computed by the theory of flexure, was 29 800 lb. per
sq. in. That is, the F specimens developed almost a yield-point stress
Cr,,,,- :,' /in n/^ e- .-- "/- //> , ~-rf /*
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FIG. 55. LONGITUDINAL STRESS AT MID-LENGTH. SPECIMENS Fl AND F2
in flexure even though the primary failure was diagonal wrinkling due
to shear.
The tests of cylindrical shells loaded as beams in the manner illus-
trated in Fig. 13 apparently justify the following statements:
(1) The distribution of the longitudinal flexural stress in the shells
adequately reinforced against circumferential compression was in ac-
cord with the general theory of flexure.
(2) Shells loaded as beams that were adequately reinforced against
circumferential compression, and for which the shear was not great
enough to cause failure by diagonal wrinkling, developed a longitudinal
flexural compressive stress as great as the wrinkling stress of similar
shells loaded as columns.
(3) Shells that were not adequately reinforced against circum-
ferential compression failed at a low load because this compression
<C , ----„ ' // /-)^ - /4 __ - ,'
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FIG. 56. SPECIMEN El AiFTEi FuAIuIiHE
produced circumferential grooves at the loading rings that reduced the
strength in compression of the elements of the shell that were subjected
to a longitudinal flexural compression.
V. TESTS OF SUPPORTING RINGS
15. Introduction.-A type of supporting ring that is sometimes
used to support pipes at points where provision for expansion is
necessary, is shown in Fig. 57. The details of the support are shown
in the upper portion of the figure, and the ring, which includes a
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(a)-Defai/s of Supporf
FIG. 57. RESTRAINING RING AT SUPPORT
short length of the pipe, is shown as a free body in the lower portion.
The forces acting on the ring include the reactions of the support
and the tangential shear in the shell of the pipe on the transverse
sections at the two sides of the ring. If the total load at the ring
is represented by P, then the reaction of the support at each side
of the ring is P/2. The analysis given in Section 23 shows that the
tangential shear at any point N (the total for the two transverse
sections, one on each side of the ring) is given by the expression
P sin 0
S = - per unit length of arc. This shear may be considered as
applied at mid-thickness of the shell. The effect of these forces is to
applied at mid-thickness of the shell. The effect of these forces is to
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FIG. 58. RELATION BETWEEN CIRCUMFERENTIAL MOMENT
AND 0 FOR RESTRAINING RING AT SUPPORT
produce in the ring a circumferential flexure and a circumferential
tension or compression which, combined, produce the resultant cir-
cumferential stress in the ring. If, as frequently occurs, the ring is
riveted or welded to the shell, an unknown portion of the latter acts
as a part of the ring.
From the analysis in Section 26, the moment at the neutral axis
of the ring is given by the following equations:
For the portion of the ring from A to B,
P
M = [cos (R - 4L) + rL - 2R 0 sin 0].
4r
I
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FIG. 59. SPECIMEN FOR DETERMINING STRESSES IN RESTRAINING RING AT SUPPORT
For the portion of the ring from B to C,
P
M = [cos 0 (R - 4L) - rL + (2R sin 0) (a - 0)1.
4 -
The diagrams of Fig. 58 show the relation between the circum-
ferential moment and 0 for various eccentricities of the supports of
a 30-in. x 14 -in. shell. The moments at corresponding points in the
upper and lower halves of the shell are equal in magnitude, but
opposite in sign. It is of interest to note that the moment changes
very rapidly at the support.
Likewise, from the analysis, the direct circumferential tension or
compression is given by the expression
P
T = -- [(4L - R - 4r) cos 0 + 2RO sin 8].
47rR
The values of T and M given by the foregoing equations are for
the entire ring. A portion of the shell acts with the ring, but just
how wide this portion is has not been determined, and the analysis is
unsatisfactory in that respect.
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The tests described in the following section were made to determine
how closely computed and measured values of the stress in the ring
agreed when the eccentricity had several values. The specimen R1A
is shown in Fig. 59. It consisted of a 30-in. x ¼-in. shell, 12 ft. long,
and had a restraining ring 2 in. x 1 in. at the middle connected to the
shell with a continuous fillet weld on each edge. For convenience in
testing, the reactions at the ring were downward instead of upward
as is generally the case with pipe lines. That is, the test was of a
loading ring instead of a supporting ring. The shell was supported
at the ends with supports that completely encircled it and held it to its
circular form.
Because the moment varies so rapidly at the points where the sup-
ports are attached to the ring, it was necessary to make the connection
as short as possible, measured along the circumference. The loading
apparatus used is shown in the figure. In order that the plane of the
reactions would be known, the force P from the testing-machine head
was delivered through the beam B to the steel diaphragms, D and D,
and thence to the ring R through the ells, L and L. Because the dia-
phragms were so thin that they could not transmit moment, they de-
termined the plane of the reactions, and hence the eccentricity of the
reactions relative to the gravity axis of the ring. The eccentricity was
varied by using fills of various thickness between the diaphragms and
the ells.
In order to determine the location of the gravity axis of the ring,
it was necessary to assume the width of the shell that acted as a part
of the ring. For the specimens tested, the width was assumed to be
6 inches, and the corresponding geometrical properties of the ring
were as shown in Fig. 59. The gravity axis of the ring was 0.23 in.
outside of the outside of the shell, and the area of a radial section of
the ring was 3.5 sq. in.
16. Description of Tests.-In making the tests, the shells were
loaded through the loading rings in the manner described in Section 15,
and the circumferential strain was measured with a 2-in. strain gage
on two sets of gage lines, one on each edge of the ring, at intervals of
approximately 15 degrees. These extended completely around the shell
on the inside but, because of the interference of the loading apparatus,
the strain was measured on the outside of the ring on the upper half
only. The procedure for making a test was as follows:
A small load was applied to the specimen and a complete set of
strain readings was recorded. A load which, according to the compu-
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Va/ues of & /i7 Degrees
FIG. 60. COMPARISON OF COMPUTED AND MEASURED VALUES OF STRESS IN LOADING
RING. TEST NO. 1, SPECIMEN R1A; ECCENTRICITY = + 2.06 IN.
tations, would produce a maximum ring stress of the order of 20 000
lb. per sq. in. to 30 000 lb. per sq. in. was then applied, and the ec-
centricity of the loads and the strains in the ring were again recorded.
The load was then reduced to its original value and a third set of
readings was taken. In general, a test consisted of at least five load
changes, and the stresses reported are the averages of the values ob-
tained from the several changes.
Several tests were made on the one specimen, the eccentricity being
different for each test. These tests are described in the following
paragraphs:
The eccentricity for Test No. 1 was 2.06 in. and the strain was
measured for five load changes of 58 500 lb. each. The measured and
computed values of the stress at various points in the ring are com-
pared in Table 8 and Fig. 60. It is to be noted from Table 8 that, at
points of maximum stress, the direct stress in the ring is of the order
of 10 per cent of the flexural stress.
The full lines of Fig. 60 represent the computed values and the
dotted lines represent the measured values of the stress. The two sets
of diagrams have the same general characteristics and, at points of
maximum stress, have very nearly the same ordinates.
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FIG. 61. COMPARISON OF COMPUTED AND MEASURED VALUES OF STRESS IN LOADING
RING. TEST No. 2, SPECIMEN R1A; ECCENTRICITY = + 1.50 IN.
Va/ues of 9 in Degrees
FIG. 62. COMPARISON OF COMPUTED AND MEASURED VALUES OF STRESS IN LOADING
RING. TEST No. 3, SPECIMEN R1A; ECCENTRICITY = + 0.02 IN.
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Va/ues of 0 /47 Degrees
FIG. 63. COMPARISON OF COMPUTED AND MEASURED VALUES OF STRESS IN LOADING
RING. TEST No. 4, SPECIMEN R1A; ECCENTRICITY - 0.92 IN.
The eccentricity of the load for the other tests had values of
+ 1.50 in., + 0.02 in., - 0.92 in., and + 2.93 in., respectively. The
measured and computed values of the stress, as given by the tests, are
compared in Figs. 61 to 64, respectively. It is of interest to note that
the measured and computed values of the stress agree closely through-
out the wide range in values of the eccentricity used in these tests.
VI. TESTS OF FABRICATED SHELLS AS BEAMS SUPPORTED
ON OPEN PEDESTALS
17. Introduction.-When large pipe lines are supported on open
pedestals there is a possibility that the pipe may fail due to the local
stress at the pedestal. Tests were therefore made on cylindrical shells
loaded in such a manner as to simulate the conditions of a pipe
supported on such a pedestal. The manner of loading and supporting
the shell is illustrated in Fig. 65. For convenience in testing, the
pedestal that is to cause failure was inverted and used as a loading
pedestal. The angle of contact was the principal variable studied,
and it had values of 90, 120, 150, and 180 degrees for the various tests.
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V/a/ues of & 127 Degrees
FIG. 64. COMPARISON OF COMPUTED AND MEASURED VALUES OF STRESS IN LOADING
RING. TEST No. 5, SPECIMEN R1A; ECCENTRICITY = + 2.93 IN.
Failure occurred at the loading pedestal since the load which it trans-
mitted was double the reaction of each supporting pedestal.
The possible manners of failure of a shell loaded as shown in the
figure include circumferential compression, longitudinal flexure, di-
i*- 0" -- --- 5'-02 "---
Ang/e of Contact. 906 /Ie  /S0, and /80°for, Various Tests
FIG. 65. APPARATUS FOR TESTING FABRICATED SHELLS AS BEAMS
SUPPORTED ON OPEN PEDESTALS
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Va/ues of 0 /'7 Degrees
FIG. 66. VARIATION OF CIRCUMFERENTIAL MOMENT AROUND SHELL
LOADED WITH OPEN PEDESTAL
agonal wrinkling, and circumferential flexure. The tests were planned
for failure by circumferential flexure due to the shear on transverse
sections on opposite sides of and adjacent to the loading pedestal. The
analysis for failure by circumferential flexure, given in Section 27,
was based on the assumption that the shell retained contact with the
loading pedestal over the entire are, and upon the further assumption
that the distribution of the circumferential moment was the same on
all transverse sections of the shell. The distribution of moment around
the shell, as given by this analysis, is shown by the diagrams of
Fig. 66. The ordinates of these diagrams represent the moment* in
terms of Pr, and 0 represents the angle between the radius through
the point on the shell where the moment is to be determined and the
vertical centerline, as shown in the figure. The moments produced by
pedestals with angles of contact of 90, 120, 150, and 180 degrees are
given by the various diagrams.
*This is the total circumferential moment on a radial section extending over the effective
length of the shell.
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FIG. 67. DIALS FOR MEASURING RADIAL DEFLECTION OF SHELL
LOADED WITH OPEN PEDESTAL
Three kinds of tests were made with the shell loaded in the manner
shown in Fig. 65; two were planned to determine the elastic action
of the shell, and the other was planned to give the manner of failure
and the load-carrying capacity. The specimens were 30-in. x 1-in.
shells, 12 ft. long, for all tests, the only variable studied being the
angle of contact of the loading pedestal. The pedestal was 2½ in.
thick measured parallel to the axis of the shell.
Considerable difficulty was experienced in the tests to determine
the elastic action, due to the fact that the stress was almost wholly a
flexural stress, and the shell was only % in. thick. Two methods were
used. The radial deformation was measured for one method, and the
circumferential strain was measured for the other. Neither gave results
that were very satisfactory, quantitatively, nevertheless they did give
a qualitative picture of the action of the shell within the elastic range
when loaded in the manner described.
18. Radial Deflection of Shell.-In the tests to determine the radial
deflection of the shell within the elastic range, the supporting pedestals
entirely enclosed the shell, as shown by the dotted lines of Fig. 65.
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0 in Degrees
FIG. 68. EFFECT OF WELDING SHELL TO PEDESTAL UPON RADIAL DEFLECTION OF SHELL
The radial deflection due to a load increment was measured with
Ames dials attached at various points around the shell in the manner
shown in Fig. 67. The Ames dials were mounted on ply-board at
intervals of 15 degrees. The ply-board was supported on two hori-
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zontal steel rods, one on the near and the other on the far side of the
specimen. The inner end of each rod was turned to a diameter of % in.
and fitted into a hole in the specimen at mid-depth. Holes were pro-
vided at several points along the shell so that the ply-board could be
mounted at various distances from the loading pedestal; and the radial
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deflection was measured on planes 4 in., 7 in., 10 in., 13 in., and 16 in.
from the central plane, and on both sides of the pedestal.
The method of making a test was as follows: The load was alter-
nately increased and decreased between a small and large load (loads
of the order of 10 000 lb. and 45 000 lb., depending upon the angle
of contact of the pedestal), and the dial readings were recorded for
both loads. This gave the deflection increment corresponding to a
given load increment. In general, five sets of readings were taken for
the same load increment and the resulting five deflection increments
were averaged. The deflections on the two corresponding planes on
opposite sides of the loading pedestal, and also at corresponding points
on the near and far sides of the specimen, were averaged. The result-
ing averages were very consistent and, it is believed, quite accurate.
One set of tests was made with the loading pedestal in contact with
but not attached to the shell, and another set was made with the shell
welded to the pedestal.
The results of the tests are given by the diagrams of Figs. 68 to 70.
Figure 68a is for a pedestal with an 180-degree angle of contact. Both
lines represent the measured deflection, the dotted line being for speci-
mens welded to the pedestal, and the full line for specimens not welded
to the pedestal. Figures 68b, 68c, and 68d give similar data for shells
loaded with 150-degree, 120-degree, and 90-degree pedestals, respec-
tively. These diagrams show the radial deflection in a plane 4 in. from
the center plane of the pedestal in each instance, and appear to justify
the statement that welding the shell to the pedestal affected the radial
deflection somewhat for the shell loaded with an 180-degree pedestal,
but had practically no effect upon the deflection of shells loaded with
pedestals with a smaller angle of contact.
The radial deflection of the shell measured in transverse planes
4 in., 7 in., 10 in., 13 in., and 16 in. from the center plane of the
pedestal is shown by the diagrams of Fig. 69, which is for shells not
welded to the pedestals. It is apparent from these diagrams that the
change in curvature of the shells, and therefore also in the circumfer-
ential moment, is fairly uniform over a band of the shell at the ped-
estal 32 inches wide. In other words, a considerable width of shell
is effective in resisting the circumferential moment at an open pedestal.
The measured and computed values of the radial deflection of the
shell are compared in Fig. 70, the computed values having been de-
termined by the use of Equations (25) and (26), page 125. The com-
puted value depends upon the length of shell that resists the circum-
ferential bending due to the load or, as stated differently, upon the
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average load per unit length of shell, and this is unknown. A value
was assigned to the load per unit length of shell such that the computed
and measured values of the deflection would be equal. The difficulty
with this method was that a unit load which would make the two
values of the deflection equal at the point, 0 = 0, would not make the
two values equal at other points. Because of this situation, the
expedient was followed of computing the deflection due to a unit load
that would make the measured and computed values agree at the
point of maximum inward deflection (0 = 0) and also computing the
deflection due to a different unit load, one that would make the
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measured and computed values agree at the point of maximum outward
deflection (0 between 60 degrees and 105 degrees). The resulting
diagrams for the test with an 180-degree pedestal are given in Fig.
70a. The measured and computed values of the deflection were equal
at the point A when the computed value was based on a load of 763
Ib. per in. length of shell, and the two curves, one representing the
measured and the other the computed deflection, are given at the left
of Fig. 70a. An experimentally-determined curve of a deflected mem-
ber is not a satisfactory method of determining a flexural stress, but
an inspection of the curves reveals the fact that the radii of the two
curves do not differ greatly at A. The dotted line in the right-hand
portion of Fig. 70a was based on a load of 958 lb. per in., the load that
made the computed value of the maximum outward deflection, which
occurred at B, equal the measured value. The two curves have ap-
proximately the same radii at B but the radius of curvature at C is
greater (and the stress is less) for the line representing the measured
deflection than it is for the one representing the computed deflection.
It should be noted, however, that the measured deflection was in a
plane 4 inches from the centerline of the pedestal, and the slight radial
deflection of the longitudinal elements of the shell would reduce the
sharpness of the circumferential curvature. In other words, the radial
deflection of the longitudinal elements of the shell adjacent to the
pedestal reduced the flexural stress below what it otherwise would be
on a plane 4 inches from the center plane of the pedestal.
It is of interest to note that the load per inch length of shell re-
quired to make the computed value of the deflection equal to the
measured value was not greatly different for the points A and B.
763 + 958
If the average of the two, = 860 lb. per in. is taken as
2
the true value, and if the average value across the resisting band is
taken as two-thirds of the maximum, then the width of the band acting
40 000 3
to resist the circumferential moment would be X- =70 in.
860 2
This value cannot be considered as having been determined with a
high degree of accuracy, on the other hand it is believed to be not
seriously in error. It is supported in a general way by the diagrams
of Fig. 69a, which show that the circumferential moment is fairly
uniform over a band 32 inches wide.
The measured and computed deflections for shells loaded with
pedestals with angles-of-contact of 150 degrees, 120 degrees, and 90
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TABLE 9
LOAD PER UNIT LENGTH OF SHELL USED IN COMPUTING RADIAL DEFLECTION
Angle of Load in Pounds per Inch Length of Shell ForAngle ofr
Pedestal Inward 1 0 tw rddeg. Deflection
180 763
150 397
120 189
90 97
Deflection
958
570
314
202
Average
860
484
252
150
Width of Band
That Resisted
Moment*
in.
70
108
179
300
*Based on an average load per unit length of shell equal to %i of the maximum.
degrees are compared in Figs. 70b, 70c, and 70d, respectively, in the
same manner as for the 180-degree pedestal in Fig. 70a. The two loads
used in determining the computed deflections for each pedestal are
listed in Table 9. The width of the band that resisted the circum-
ferential moment, determined in the same manner as for the 180-degree
pedestal, is given in the right-hand column. It is to be noted that
the effective width of the band exceeded the actual length of the pipe
between supports for all except the 180-degree and the 150-degree
pedestals. That is, the supporting pedestals acted with the shell to
resist the circumferential moment for all except these two. It is of
interest to note that the pedestals for which the measured and com-
puted values of the radial deflection were in fair agreement, were the
ones for which the width of effective band, given in Table 9, did not
exceed the distance between the end supports. Because these supports
completely enclosed the shell, it is reasonable to suppose that they
acted with the shell to resist the circumferential moment for the 120-
degree and the 90-degree loading pedestals, and this might account
for the discrepancy between the measured and computed values of
the deflection for these specimens.
19. Circumferential Strain.-In the tests to determine the circum-
ferential strain in the shell within the elastic range, the supporting
pedestals were in contact with the shell over the bottom 180 degrees
only, as shown by the full lines of Fig. 65. The circumferential strain
due to a load increment was measured with Huggenberger tensome-
ters attached at points 15 degrees apart around the shell in planes 3 in.,
1 ft., 2 ft., 3 ft., and 4 ft. from the center of the loading pedestal on
both ends of the shell, and on both the inside and the outside of the
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FIG. 71. LOAD-STRAIN DIAGRAMS--180-DEGREE PEDESTAL, BELT W2;
INSIDE AND OUTSIDE--SPECIMEN R2
B
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Specimen RP
Be/f W-Z
5 /
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6
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0 000 /b.
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FIG. 72. VARIATIONS IN CIRCUMFERENTIAL STRESS AROUND
SHELL AT BELT W2-180-DEGREE PEDESTAL
shell. These points were at the intersection of the circumferential
and longitudinal lines on the surface of the shell shown in Fig. 75,
the circumferential lines, or belts, being designated as El, E2, etc., and
W1, W2, etc. The location of the longitudinal lines is shown by
the numbers in the upper part of Fig. 72. Tests were made using load-
ing pedestals with angles of contact of 180 degrees, 150 degrees, 120
degrees, and 90 degrees. The strain was also measured on a section
4 ft. 9 in. from the center of the loading pedestal for the test for which
an 180-degree loading pedestal was used, but these latter measure-
ments were omitted from the tests with the other loading pedestals.
The method of making a test was as follows. A load W was chosen
which was as large as it was safe to use without stressing the shell
beyond the elastic limit. The extensometers were attached and readings
were recorded for loads of 0, %•W, %W, %W, and W. Diagrams were
then drawn showing the load-strain relation. The diagrams for the
strain on belt W2, the belt 1 ft. west of the loading pedestal, are shown
I0 I
C - --- - - - - --
-" -- 1-^\
S / s OuIs/de \
-/D I'T I I
/ 034'5_ 78 5 87 6543
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FIG. 73. LOAD-STRAIN DIAGRAMS-180-DEGREE PEDESTAL, BELT El;
INSIDE AND OUTSIDE-SPECIMEN R2
in Fig. 71, Fig. 71a showing the inside strains and 71b the outside
strains. These diagrams are for the test with an 180-degree loading
pedestal. The individual readings were used to establish the slope of the
load-strain diagrams and erratic points, such as often occurred at zero
load, were ignored. The slope of the load-strain diagrams, which is a
N
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Be/l E-/
1-/
3 3
S4 + 4 /V
5 5
6 6
989 4
Load
0 0000 /b.
/234 567898 9876 432 /
a ------ ---- -- - -----
I U 1 1
5
6----- - ----- -
S /nside
I I I - + n4 + - - I -I - m I I Ii~ I n
FFINfflFi~- ,{
FIG. 74. VARIATIONS IN CIRCUMFERENTIAL STRESS AROUND
SHELL AT BELT El-180-DEGREE PEDESTAL
measure of unit strain per unit load, was used to determine the ordi-
nates of the diagram of Fig. 72, which shows the variation in circum-
ferential stress around the shell at belt W2. The diagrams of Figs. 71
and 72 are typical of the better ones that were obtained. In contrast
with these, the diagrams of Figs. 73 and 74, which are for belt El, are
typical of the poorer ones. In general, the erratic readings were at belts
adjacent to the pedestal (El was 3 in. from the center of the pedestal).
It is believed that deviations of the shell from a true cylinder caused a
circumferential bending at the loading pedestal as the load increased
and forced the shell into a more continuous contact with the pedestal.
I I I Lkl II I i\l i I I in I to ii r I i I
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FIG. 75. CONTOURS OF CIRCUMFERENTIAL FLEXURAL STRESS. SPECIMEN R2,
LOADED WITH 180-DEGREE PEDESTAL
This statement is supported by the fact that, in general, the erratic
readings occurred near the pedestal, by the fact that the pattern of the
erratic readings, as for S4 and S2 of Fig. 73, was again obtained when
the test was repeated with different instruments, and by the fact that
where erratic readings were obtained on the inside they were also
obtained on the outside at the same point, and the patterns for the
inside and outside were consistent. The slopes of the full lines of
Fig. 73 were used in determining the ordinates of the points on the
diagrams of Fig. 74, but no value was assigned to the slope of S4.
The ordinate of each point on the diagrams of Figs. 72 and 74 is
the average of eight values, as follows: One on the north and one on
the south side of the shell at each end and on the outside of the shell,
and corresponding ones on the inside of the shell. (This was true
except for points like S4, Fig. 73a, for which the slope could not be
evaluated). It is believed that, by averaging so large a number of
values, tlhe averages were fairly accurate. One-half of the algebraic
difference between the outside and inside stresses is the flexural stress
due to the circumferential moment, which is the stress being studied.
Diagrams similar to those of Figs. 72 and 74 were drawn for all
belts of the shell when tested with the 180-degree, 150-degree, 120-
degree, and 90-degree pedestals.
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FIG. 76. CONTOURS OF CIRCUMFERENTIAL FLEXURAL STRESS, SPECIMEN R2,
LOADED WITH 150-DEGREE PEDESTAL
Contours of circumferential flexural stress, based upon the meas-
ured strain, determined in the manner described in the previous para-
graphs, were drawn on the outside of a paper cylinder. A photograph
of these contours of stress for the cylinder loaded with an 180-degree
pedestal, is shown in Fig. 75. The strains upon which the contours
were based were measured at the intersections of the longitudinal and
girth lines shown in the figure. The numerals on the contours in-
dicate the stress in thousands of lb. per sq. in., a plus (+) sign in-
dicating a tensile stress on the outside of the shell.
The maximum stress at mid-length occurred a short distance below
the edge of the pedestal instead of at the edge, as indicated by the
analysis. It is also of interest to note that the circumferential moment
is distributed over a wide band, the width from A to A, the points of
zero stress, being 84 inches. The value of the corresponding width
based upon the radial deflection, and given in Table 9, was 70 inches.
That is, the stress distributions determined from measured strain and
from the radial deflection appear to be in fair agreement for a shell
loaded with an 180-degree pedestal.
The contours of stress due to circumferential moment for shells
loaded with 150-degree, 120-degree, and 90-degree pedestals are shown
in Figs. 76, 77, and 78. These contours show that the effective width
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FIc. 77. CONTOURS OF CIRCUMFERENTIAL FLEXURAL STRESS. SPECIMEN R2,
LOADED WITH 120-DEGREE PEDESTAL
of the shell increased with a decrease in the angle of contact of the
pedestal, and exceeded the distance between the supporting pedestals
for all except the 180-degree and, possibly, the 150-degree pedestal.
FIG. 78. CONTOURS OF CIRCUMFERENTIAL FLEXURAL STRESS. SPECIMEN R2,
LOADED WITH 90-DEGREE PEDESTAL
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90-bear/ng' L oad/d'? Pedestfa/
120-ear/n7g /80q-bear/8i0
Locad/,ig' Pedestal Loadi~l Pedestal
FIG. 79. LOCATION OF POINTS AT WHICH RADIAL DEFLECTION WAS
MEASURED; TESTS TO DESTRUCTION
This is in agreement with the results obtained from the radial deflec-
tions, and supports the statement made in Section 18 that the dis-
crepancy between the measured and computed radial deflection may
have been due to the fact that the supporting pedestals acted with the
shell to resist the circumferential moment for all tests except those in
which 180-degree and 150-degree loading pedestals were used.
20. Load-Carrying Capacity.-Tests were made to determine the
elastic-limit load and the maximum load-carrying capacity of shells
loaded with open pedestals. The details of the specimens and loading
apparatus are shown in Fig. 65. The supporting pedestals had an
180-degree angle of contact, as shown by the full lines, for all tests.
Tests were made with 90-degree, 120-degree, and 180-degree loading
pedestals. The elastic-limit load was determined from the radial de-
98 ILLINOIS ENGINEERING EXPERIMENT STATION
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flection measured at points adjacent to the loading pedestal. This
deflection was measured at five points: the top, where it would be
affected by the circumferential compression, just below the two edges
of the loading pedestal, where the maximum negative circumferential
moment would be expected, and somewhat outside and below the edges
of the pedestal, where the maximum positive moment would be ex-
pected. The latter were designated as No. 1 and No. 2, and their loca-
tion is shown in Fig. 79. The measuring apparatus was similar to that
used for measuring the vertical deflection at the top of the shell and
shown in Fig. 21. The loading pedestal was 21/2 in. thick parallel to the
axis of the shell.
The method of making the test with the 120-degree pedestal was as
follows: The dial readings were recorded at loads of 10 000 lb.,
20 000 lb., and 10 000 lb. The second readings gave the elastic de-
flection due to increasing the load from 10 000 lb. to 20 000 lb., and
the third readings gave the set due to a load of 20 000 lb. The test
was continued in this manner, the dial readings being recorded at a
load of 10 000 lb. following each of a number of increasing loads
until the load-carrying capacity of the specimen had been reached.
The results of the tests with the 120-degree pedestal are shown in
Fig. 80. Figure 80a shows the deflection on line 1 at the edge of the
pedestal. The full lines represent the radial deflection at each of the
loads indicated and the broken lines represent the set after each of the
loads had been reduced to 10 000 lb. All deflections were based upon
the position of the shell when first loaded to 10 000 lb. The diagrams
of Figs. 80b and 80c show, in a similar manner, the deflection and set
on line 2 and at the top of the shell. For all of the diagrams, a point
above the base line indicates that the corresponding point on the shell
has moved outward relative to the inside face of the loading pedestal.
Thus the point A, Fig. 80a, indicates an outward movement of 0.35 in.
relative to the pedestal when the shell carried a load of 80 000 lb.
This gave the appearance of the corner of the pedestal having dug into
the shell, as indicated in Fig. 81, which shows the shell after having
been loaded to failure with an 120-degree pedestal. Likewise, the point
B, Fig. 80b, indicates an outward movement of 0.53 in. at a load of
80 000 lb. But the shape of a longitudinal element of the shell at A
was quite different from that of one at B, as shown by Fig. 81 (from a
photograph) and also by the diagrams of Figs. 80a and 80b. The line
2, Fig. 79, was intended to be at the point of maximum outward
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FIG. 81. SHELL AFTER HAVING BEEN LOADED TO FAILURE WITH 120-DEGREE PEDESTAL
FIG. 82. SPECIMEN AND APPARATUS AT MAXIMUM LOAD-120-DEGREE PEDESTAL
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TABLE 10
LOAD-CARRYING CAPACITY OF SHELLS LOADED WITH OPEN PEDESTALS
Angle of Smallest Load oint W Effective
Contact of Producing an Pot Where oadim Width of
Pedestal Appreciable Set First Noted lb Shell
deg. lb. in.
180 75 000 Line 1 132 200 76
120 45 000 Lines 1 and 2 89 800 134
90 30 000 Line 1 68 600 139
*Based upon smallest load producing an appreciable set, moment diagrams of Fig. 66, and upon
the assumption that the moment across the resisting band varied as the ordinates of a parabola.
deflection, but Fig. 81 shows that, at least at failure, the deflection was
somewhat greater between lines 1 and 2 than it was at line 2.
The diagrams of Figs. 80a and 80b indicate that an appreciable
set was produced at both lines 1 and 2 at a load of approximately
45 000 lb. There was also a slight set in the deflection at the top of
the shell at this load, as shown in Fig. 80c. This indicates that there
was a circumferential compression in the shell about equal to the yield
point of the material at the 45 000-lb. load. The maximum load which
the shell carried was 89 800 lb. The appearance of the shell and ap-
paratus at maximum load are shown in Fig. 82.
Diagrams showing the results of the tests with 180-degree and
1<
N
Ang/e of Coanfacf /i D2grees
FIG. 85. RELATION BETWEEN LOAD-CARRYING CAPACITY OF SHELLS
AND ANGLE OF CONTACT OF PEDESTALS
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90-degree pedestals, similar to those for the 120-degree pedestals, are
given in Figs. 83 aid 84. The smallest load producing set cannot be
precisely determined, but the values in Table 10 are believed to be a
fair interpretation of the diagrams of Figs. 80, 83, and 84. The relation
between the load-carrying capacity of the shells and the angle of con-
tact of the pedestals is shown by the diagrams of Fig. 85. Both of the
lines, one representing the maximum load and the other representing
the minimum load producing an appreciable set, are straight lines,
indicating that the load-carrying capacity of the shells tested varied
directly as the angle of contact of the pedestals. Primary failure was
due to circumferential moment in each instance. The greatest incon-
sistency was in the circumferential compression. The yielding under
this stress was relatively greater for the shell loaded with the 120-
degree pedestal than it was for either of the others. However, the
primary failure was not due to this cause even for the shell loaded with
the 120-degree pedestal.
The moment necessary to produce a yield-point flexural stress in
a plane ¼-in. plate is 400 in. lb. per in. width of plate. The width of
shell necessary: to resist the smallest load producing an appreci-
able set (column 2 of Table 10) was computed on the basis of the
moment diagrams of Fig. 66, and on the assumption that the maximum
moment over the effective width was 1.5 times the average. The result-
ing values, given in the right-hand column of Table 10, were 76 in.,
134 in., and 139 in. for 180-degree, 120-degree, and 90-degree pedestals,
respectively. The corresponding values determined from the radial-
deflection tests described in Section 18, and reported in Table 9 are
70 in., 179 in., and 300 in.
As stated in Section 17, the experimental determination of the
stress in a shell supported on open pedestals was not entirely satis-
factory because the shell was thin and the stress was due almost
entirely to flexure. The tests described in Sections 18, 19, and 20 do,
however, justify a few very general statements relative to the action
of the shell, as follows:
(1) Failure was due to circumferential flexure.
(2) A wide portion of the shell was effective in resisting the
moment.
(3) The values of the effective width of the pedestals, determined
by the three methods, were as follows:
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Effective Width of Shell in Inches for Pedestals
How Effective Width with Angles of Contact in Degrees as follows:
Was Determined
180 150 120 90
Measured radial deflection 70 108 179* 300*
Measured circumferential More than More than
strain 84 120 120 120
Computed from elastic-
limit load 76 .. 134 139
*The supporting pedestals completely enclosed the shell for these tests and acted with it in
resisting the circumferential moment. This had the effect of reducing the moment resisted by the
shell adjacent to the loading pedestal and appeared (falsely) to increase the effective width. The
width of the shell was only 120 in. between loading pedestals.
(4) The experimentally-determined values of the circumferential
moment were in fair agreement with the computed values given by the
diagrams of Fig. 66 when the moment was assumed to vary across the
effective width as the ordinates of a parabola, and when the effective
width was assumed to have the following values for the 30-in. x 1 /-in.
shell tested:
Angle of pedestal, degrees.... 180 120 90
Effective width, inches...... 76 134 139
(5) For the shells tested, the load-carrying capacity varied directly
as the angle-of-contract of the pedestals.
VII. SUMMARY
21. Summary of Conclusions.-The tests reported in this bulletin
appear to justify the following statements relative to the action of
cylindrical shells 30 in. in diameter made of %-in. steel plates, having
a yield point of approximately 40 000 lb. per sq. in., and fabricated
with butt welds.
(1) The shells subjected to combined axial and transverse loads
developed approximately the same wrinkling stress as similar shells
loaded as columns, longitudinal flexural stress resulting from the
transverse load being included in computing the wrinkling stress due
to a given load. This was true for specimens for which the load pro-
duced a transverse shearing stress equal to approximately 20 000 lb.
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per sq. in. This result was to be expected, since the transverse shear-
ing stress was zero where the flexural stress was greatest, and the
flexural stress was zero where the shearing stress was greatest.
(2) For shells tested as beams and loaded through rings that sur-
rounded the shell but were not attached to it, the measured and com-
puted values* of the circumferential compression were in fair agree-
ment when the computed values were based upon the assumption
that the compression was resisted by a width of the shell equal to the
width of the supporting ring plus 16 times the thickness of the shell,
and upon the further assumption that the compression across the
effective width varied as the ordinates of a parabola.
The tests showed that reducing the friction between the shell and
the ring increased the circumferential compression in accordance with
the analysis. They also showed that a narrow reinforcing band welded
to the shell at the loading ring increased the resistance to the circum-
ferential compression in direct proportion to the section of the re-
inforcing band.
For a given transverse shear, and with the narrow loading rings
used in the test, primary failure was caused by circumferential com-
pression and not by wrinkling due to the diagonal compression result-
ing from the shear. Any possibility of failure by circumferential
compression can, however, be eliminated by increasing the width of
the loading or supporting ring, by welding the ring to the shell, or by
providing a ring of sufficient area to resist the compression.
(3) The local deflection of the top and bottom of the shell adjacent
to the loading and supporting rings was due directly to the circum-
ferential compression, and was very small until the circumferential
compression exceeded the yield point. The deflection was not of the
character of the deflection of a flat plate. The action noted was in
complete accord with the theory of flexure since deflection other than
that produced by circumferential compression could not take place
without producing a large vertical shear deformation at mid-depth
of the shell, and this portion, being vertical, or nearly so, over a con-
siderable depth, was in a position to resist a large vertical shear with
only a small shear deformation. That is, here, as always, the stress
followed the stiffest path.
*See Section 25 for analysis. Coefficient of friction equals 0.30.
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(4) Cylindrical shells loaded as beams, for which the loading
and supporting rings enclosed the shell, did not deviate materially
from their original shape at sections some distance from the rings
even at loads near the ultimate, except for local deformations near
the rings due to circumferential compression. This being true, the
usual flexural formula for determining the longitudinal flexural stress
in a beam in flexure would seem to be applicable. Measured longitudi-
nal strains in shells for which the primary failure was flexural were
found to be in close agreement with the values computed by the usual
flexural formula, and the computed flexural stress at failure exceeded
slightly the yield point of the material.
(5) For shells that failed by wrinkling under diagonal compression:
(a) The measured diagonal strain on 45-degree lines at the neutral
axis were in fair accord, at small loads, with the strain computed by
the general theory of flexure, proper allowance having been made for
the Poisson's-ratio effect resulting from the biaxial-stress condition.
At larger loads the measured value of the strain exceeded the computed
value.
(b) The diagonal stress corresponding to the maximum load, com-
puted by the general theory of flexure, was only two-thirds of the yield
point of the material. The relatively low load-carrying capacity was
attributed in part to the biaxial-stress condition at the point of
maximum stress, in part to the fact that the diagonal strips of the
shell that act as columns are not straight, but curved, in the direction
of stress, and in part to the groove at the loading ring resulting from
the circumferential compression.
(6) For eccentrically-supported rings that completely surrounded
and were welded to the shell, the measured and computed* values of
the stress in the ring were in close agreement throughout the range of
eccentricities used in the tests.
(7) The tests of shells as beams loaded with open pedestals indi-
cated that:
(a) Failure was due to circumferential flexure
(b) A wide portion of the shell was effective in resisting the
moment
*See Section 26 for analysis.
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(c) The values of the effective width of the pedestals, determined
by the three methods, were as follows:
Effective Width of Shell in Inches for Pedestals
How Effective Width with Angles of Contact in Degrees as follows:
Was Determined
180 150 120 90
Measured radial deflection 70 108 179* 300*
Measured circumferential More than More than
strain 84 120 120 120
Computed from elastic-
limit load 76 ... 134 139
*The supporting pedestals completely enclosed the shell for these tests and acted with it in
resisting the circumferential moment. This had the effect of reducing the moment resisted by the
shell adjacent to the loading pedestal and appeared (falsely) to increase the effective width. The
width of the shell was only 120 in. between loading pedestals.
(d) The experimentally-determined values of the circumferential
moment were in fair agreement with the computed* values when the
latter were based upon the assumption that the moment varied across
the effective width as the ordinates of a parabola, and that the effective
width had the following values for the 30-in. x /4-in. shells tested:
Angle of pedestal, degrees.... 180 120 90
Effective width, inches...... 76 134 139
(e) For the shells tested, the load-carrying capacity varied directly
as the angle-of-contact of the pedestals.
VIII. ANALYSIS OF CYLINDRICAL SHELLS
LOADED AS BEAMS
22. Longitudinal Flexural Stress.-The general theory of flexure as
ordinarily used in the analysis of beams is independent of the section
of the beam except that a transverse section must retain its shape when
loaded. The tests of Sections 10, 11, and 12 show that a cylindrical
shell does retain its shape except as it may be affected by excessive
circumferential compression due to a combination of a relatively large
shear and narrow supporting rings. It may therefore be concluded that
the theory of flexure as ordinarily applied to beams in general is
applicable to thin cylindrical shells loaded as beams, providing the
circumferential compression does not exceed the yield point of the
material.
*See Section 27 for analysis.
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FIG. 86. FORCES ACTING ON RING CUT FROM CYLINDRICAL SHELL IN FLEXURE
23. Shearing Stress on Transverse Sections.-A short length, or
ring, cut from a cylindrical shell loaded as a beam is shown in Fig. 86.
The moment on a transverse section is represented by M at AB and by
M + dM at CD. The total transverse shear on AB is J. It is re-
quired to determine the unit shear at any point on the transverse
section of the shell.
Consider as a free body, the portion NAM of the ring ABCD cut
by radial planes making angles of 0 and - 0 with the vertical. The
only longitudinal forces acting on the free body are the flexural forces
on the ends and the longitudinal shear on the radial planes at N and M.
Writing Ex = 0, gives EpdA + EdpdA - EpdA + 2S = 0,
in which S is the total longitudinal shear on the section N (or M).
From the usual equations for flexure,
My
pI I
dp
dx
dM y
dx I
y
I
I = -r3 t
y = r cos (
dA = ids = trdk
dP = dp X dA.
i_______ ",
........
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FIG. 87. CYLINDRICAL SHELL LOADED AS SIMPLE BEAM
Combining these expressions gives
+0 J cos 4 de 2J
AP = = - sin 0,
-0 vr vr
in which AP is the change in the longitudinal force on the portion
NAM per unit length of the ring, a quantity that is balanced by
the longitudinal shear on a unit length of the radial sections N
and M. That is
2J sin 0
2t X unit shear = - , from which the unit shear is found
rr
J sin 0
to be -- . But, since the shear has the same intensity on ad-
rrt
jacent edges of a rectangular element of a beam in flexure, the
unit shear on the ends of the free body NM at the points N and
J sin 0
M also equals -- and its direction is normal to the radial
irrt
planes and is, therefore, tangent to the shell. If S represents this
transverse tangential shear per unit length of arc, then
.J sin 0
S =-
7rr
;1 1 h
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This shear is tangent to the shell at all points and varies from
zero at the top and bottom to a maximum at mid-depth, where its
value is J/7r, twice the average value over the entire section.
24. Diagonal Compression.-Because a thin plate in compression
may fail by wrinkling, a cylindrical shell loaded as a beam may have
its load-carrying capacity limited by the diagonal compression.
A shell loaded as a simple beam with a single concentrated load
at the center is shown in Fig. 87. The total vertical transverse shear
is constant and equals P/2 and the moment is a maximum at the
center where it equals PL/4, in which P is the total transverse load
and L is the distance between supports. The longitudinal flexural
stress at any point is given by the expression S = My/-r3 t and the
tangential transverse shearing stress at any point on a section is
P sin 0
S The transverse face of an element N near the center is
2 7rrt
acted upon by the transverse shear and by the longitudinal flexural
stress. It is required to determine the magnitude and location of
the maximum diagonal shearing stress and of the maximum diagonal
compressive stress.
The normal force on the transverse face is given by the expres-
PL cos 0
sion S = and the shearing stress on the same face is
4rr2t4wrt P sin 0
given by the expression S, = -- . The maximum diagonal
27rrt
stresses in the element under consideration are given by the expres-
sions S' max = 1/25+ V (S/2)2+S,2 and S,' max = (S/2)+S,2 .
Substituting in these expressions the values of S and S, just given,
P cos 0 4r sin0 \2
s8rr 2t \ cos0 (2)
P
S,' max = (L cos 0)2 + (4r sin 0)2 .
8Trr t
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The point at which the maximum compressive stress has the
greatest value can be found by equating the first derivative of S'
with respect to 0 to zero and solving for 0. This gives
L
cos 0= 16 -(4)
% 16r 2 - L
2
If this equation is satisfied when cos 0 is less than unity, then
the diagonal compression exceeds the greatest longitudinal stress on
the section. If the relation between L and r is such that Equation (4)
gives a value of cos 0 greater than unity, then the diagonal stress
increases with cos 0, and equals the longitudinal stress in both mag-
nitude and direction when cos 0 = 1 and 0 0. Equation (4)
gives a value of cos 0 equal to unity when L = 2r/ 2 . If L ex-
ceeds 2rN/-2 , then the maximum stress is at the extreme top, and
no diagonal stress exceeds the longitudinal stress. If L is less than
2r/ 2 , then there is a diagonal stress greater than the longitudinal
stress at the top and its value can be obtained from Equation (2),
using for 0 the value obtained from Equation (4).
The value of 0 which will give the greatest shear can be obtained
from Equation (3) by equating the first derivative of S, with respect
to 6 to zero and solving for 6. This gives
sin 0 cos 0 (16r2 - L 2)
= 0. (5)
V (L cos 6) 2 + (4r sin 0) 2
Since the denominator has a real value for all values of 0, the equa-
tion is satisfied for all values of r and L when 0 equals either 0 or
90 degrees, and it is satisfied for all values of 0 when L = 4r. The
maximum shear may, therefore, be either at the neutral axis or at
the top or bottom of the shell. When 0 = 90 degrees, Equation (3)
becomes
P
8s' max = S2rrt
When 0 = 0, it becomes
PL
S,' max =
Srr2t
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FIG. 88. SECTION OF SHELL INSIDE OF SUPPORTING RING
If L exceeds 4r, then the maximum shear is at the top of the
shell and is diagonal; if L is less than 4r, then the maximum shear
is at the neutral axis and is vertical; and if L = 4r, then the maxi-
mum shear has the same value for all values of 8.
25. Circumferential Compression at Loading and Supporting
Rings.-A cylindrical shell loaded as a beam which is supported and
loaded with encircling rings not attached to the shell is subjected
to a circumferential compression. This applies particularly to a
beam loaded in the manner illustrated in Fig. 13.
One half of that portion of the ring between two transverse sec-
tions, one on each side of the support, is shown as a free body in
Fig. 88a. As shown in Section 23, the tangential shear on the two
transverse sections is P sin 0/rr lb. per unit length of arc, P being
the total reaction at the support. This shear produces a radial
pressure of the shell against the ring equal to N pounds per unit
length of arc, and this normal force produces a tangential friction
equal to fN pounds per unit length of arc. These combined forces
produce a circumferential compression of T lb., the total compres-
sion on any radial section making an angle 0 with the vertical. It
remains to determine an expression for T in terms of P and 0.
Consider first the case in which there is no friction between the
shell and ring. That is, f, the coefficient of friction, is zero. Any
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element, E, of the ring of Fig. 88a, is in equilibrium under the action
of the forces shown in Fig. 88b. From Mo0 = 0,
P sin 0 ds
dT = - - fNds.
rr
But ds = rdo, N = T/r and f = 0. Substituting these values in the
P sin 0 dO
expression for dT and simplifying gives dT = . Integrating
this expression between the limits of 0 and 0, gives
P
T = [1 - cos 0]. (6)
The maximum value occurs at C where 0 = r, and equals 2P/r.
Consider next the case for which there is friction between the
shell and the ring; that is, where f has a real value. The value of
dT is then given by the expression
P sin 0 dO
dT = -- - fTdO, or
7r
dT P
- +fT = -- sin 0
dO 7
S P sin 0 dO
Tefrde = f efO Pi + C
P
Te/ = - efe sin 0 dO + C
P fsin 0 - cos 0
T = + Ce-r.
7T f" +l
P
At A, 0 = 0 and T = 0, therefore C = -
?( C + 1)
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Substituting this in the expression for T gives
P
T = -[f sin 0 - cos 0 + e- / ]. (7)
7r(1 +f 2)
If there is no friction between the shell and the ring, that is, if
Pf=0, then T=- [1-cos 0], which is identical with Equation (6),
as it should be.
The value of 6 for a maximum value of T, as given by Equa-
tion (7), depends upon the value of f but, for f = 0.30, T is a maxi-
mum at approximately 155 degrees. For greater values of 0, the
friction exceeds the tangential shear, thus reducing the compression
as 0 increases up to 180 degrees.
Equations (6) and (7) give the total circumferential compression,
but are somewhat unsatisfactory because the width of the shell that
resists the compression is unknown. The tests described in Section 9
indicate that the effective width of the ring is quite small, being of
the order of 5 inches for a 30-in. x /~-in. shell.
26. Stresses in Eccentrically-Supported Rings.-If a horizontal
pipe supported on a pedestal does not have a restraining ring at the
pedestal to hold the pipe to its cylindrical shape, circumferential
bending will be produced. If a restraining ring is provided, it will
be subjected to flexural and direct stresses. The flexural stresses in
the ring depend upon the manner in which the ring is supported,
and upon the extent to which the ring encloses the pipe. The
analysis presented herewith is for a ring that completely encloses
the pipe, and that is supported at mid-depth with eccentric supports
that do not stiffen the ring.
Figure 57 shows a pedestal of a type that is sometimes used to
support a pipe at a point where expansion is to be provided. The
supporting struts are eccentrically connected to the restraining ring,
and the ring is attached to the shell in such a manner that a short
length of the pipe acts as a portion of the ring. It is required to
find the stresses in the ring.
The forces acting on one-half of the ring are shown in Fig. 89.
These forces have been determined on the basis that the action of
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FIG. 89. FORCES ON ONE-HALF OF ECCENTRICALLY
SUPPORTED RING
the pipe, considered as a longitudinal beam, is in accordance with
the general theory of flexure. The tangential forces shown represent
the sum of the shears on the two transverse sections, one on each
side of and adjacent to the ring. The sum of the vertical components
of these shear forces equals P, the total load carried by the support.
The eccentricity of the support relative to the gravity axis of the
ring is represented by e. It is required to determine the moment
and direct circumferential stress in the ring.
The one-half ring is in equilibrium under the action of the forces
shown. From symmetry, the vertical shear is zero at both A and C.
There are, therefore, only three unknown forces acting on the free
body, H, MA, and Mc; and only three equations are required in
order that these unknowns may be determined. One static equa-
tion is available, EM = 0. It remains to develop two elastic
equations.
From symmetry about the vertical axis of the pipe, the rotations
e
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C
of A and of C are both zero. Therefore, EMds = 0. Likewise,
A
from symmetry about the vertical axis of the pipe, the horizontal
c
movements of A and C are both zero. Therefore, EMyds = 0. Both
A
E and I have been omitted from these equations, since both are
constants. In these equations, M is the moment of the forces on
any radial section about the gravity axis of the ring. These equa-
tions are developed in the following paragraphs, the moments of the
various forces being developed separately.
The moment of H about any point N in the gravity axis of the
ring is given by the expression MH = H(R cos 0-R). The moment
of the tangential shear about any point N is the summation of the
moments of the shears on all differential areas of the section of the
shell between A and N. For any point U, the shear on a differential
P sin a ds
length of the shell section ds equals r . Substituting rda
rr
P sin a da
for ds, this becomes . The x and y components of this
7r
P sin a cos a da P sin2 a da
differential shear are and , respectively.
7r 7r
The moment arms of the components with respect to N are r cos a-
R cos 0 and R sin 0-r sin a, respectively. The moment of the tan-
gential shear about the point N is, therefore, given by the equation
P sin a cos a da
dM = (r cos a - R cos 0)
P sin 2 a da
- -- (R sin 0 - r sin a).
7r
Integrating this quantity for the portion of the shell between A
and N gives
PR Pr Pr
Mshear = - -- sin 0 - - cos 0 + - .
21r r
The moment of the reaction of the support about any point on
the gravity axis of the ring between B and C is given by the equation
P
Mupport = - (L - R sin 0). This moment does not occur on the
2
portion of the ring AB.
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Collecting the quantities making up the moment in the ring gives:
For the portion of the ring from A to B
PR 0 sin 0 Pr cos 0 Pr
M = HR cos 0 - HR - - + - + MA. (8)
27" 7r T
For the portion of the ring from B to C
PR 0 sin 0
M = HR cos 0 - HR - --
2ir
Pr cos 0 Pr PL PR sin 0
- - -- + - + MA. (9)
T 7 2 2
C
Substituting these values for M in the equation EMds = 0, sub-
A
stituting RdO for ds, integrating between the proper limits, and
simplifying, gives
PLr
-HRr + Pr - - + MAr = 0. (10)
4
Substituting the value for M given above in the equation
c
EMyds = 0,
A
and making the proper substitutions, integrations, and simplifica-
tions, gives
HR7 PR Pr PL
-+-- = 0. (11)
2 8 2 2
Solving this equation for H gives
P 1 r Li
H = -- -+- -. (12)
7 4 R R
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Substituting this value of H in Equation (10) gives
P
MA =-- (R - 0.8584L). (13)
47
The moment in the ring at any section between A and B can be
obtained by substituting the values of H and MA from Equations
(12) and (13) in Equation (8). Likewise, the moment at any sec-
tion between B and C can be obtained by substituting the values
of H and MA in Equation (9). These substitutions having been
made, the results are as follows:
For the portion of the ring from A to B
P
M - [cos 0 (R - 4L) + rL - 2R 0 sin 0]. (14)
47r
For the portion of the ring from B to C
P
M = -- [cos 0 (R - 4L) - rL + (2R sin 0) (7r - 0)]. (15)
47r
Except for values of e less than 0.04R, the maximum moment in
the ring occurs at the support where 0 = ir/2 . Substituting this
value in Equations (14) and (15) gives
Pe
MBA = (16)
4
Pe
MBc = -- (17)
It is to be noted that, for a pipe supported at mid-depth, the
moment at a section just above or just below the support is one-
fourth of the product of the total reaction and the eccentricity, the
eccentricity being the horizontal distance from the vertical center-
line of the support to the vertical tangent of the gravity axis of the
ring. The eccentricity is positive if the support is outside of the
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FIG. 90. PORTION OF SUPPORTING RING AS FREE BODY
gravity axis of the ring. If no ring is provided, the shell itself is
considered to act as a ring.
The moment at various radial sections of the restraining ring of
a 30-in. x 14-in. shell has been computed by the use of Equations
(14) and (15) and is given by the diagrams of Fig. 58. The various
diagrams show the moment for various eccentricities ranging from
0 to 1.50 in.
Equations (14) and (15) bear a relation to each other such that
if 0 equals - 4 in the former and - + 4 in the latter, then the
2 2
resulting two values of M will be equal in magnitude and opposite
in sense. This is as it should be.
Consider now the circumferential axial stresses in the ring. The
forces acting on a portion of the ring considered as a free body are
shown in Fig. 90. Equating the moments about 0 to zero, gives
P PR 4 P(R - 0.8584L) - 1 - - (L - r) - [(R - 4L) cos 0
4v 47r R 4r
Pr
+ rL - 2RO sin 0] + - (1 - cos 6) - TR = 0.
W
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FIG. 91. SHELL SUPPORTED ON OPEN PEDESTAL
Solving this equation for T gives
P
T = - [(4L - R - 4r) cos 0 + 2RO sin 8] (18)
47rR
in which T is the total circumferential axial stress in the ring, a
compression just above the support of a supporting ring, and a ten-
sion just above the point of application of the load for a loading
ring. The total stress in the ring is the resultant of the flexural
stress given by either Equation (14) or (15), and the direct stress
given by Equation (18).
27. Failure of Pipe Supported on Open Pedestal.-If a pipe is sup-
ported on an open pedestal, as shown in Fig. 91a, the short length a
of the pipe is in equilibrium under the reaction of the pedestal and
the tangential shear on the transverse sections that bound the por-
tion of the shell considered. The resultant of the tangential shears
on the two transverse sections is vertical, and it is equal and opposite
to the resultant pressure of the pedestal against the pipe, a quantity
represented by P. The tangential shear is distributed around the
pipe in accordance with the equation S = P sin a/7rr, in which S is
the tangential shear (total for the two sections) per unit length of the
arc. It is required to determine the diagonal compression and the
moment and direct stress on a radial section of the ring of width a.
Figure 91b shows one-half of that portion of the shell which
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projects above the pedestal. This portion, whose length is repre-
sented by a, is in equilibrium under the action of the forces shown.
It is required to determine the circumferential moment in the por-
tion of the shell from A to C.
For the purposes of analysis, it is assumed that the pipe acts in
accordance with the general theory of flexure, and that there is
neither horizontal translation nor rotation of the radial section
through C. From symmetry there is neither rotation, horizontal
translation, nor vertical shear at A. On the basis of these condi-
tions, there is neither horizontal translation nor rotation of C rela-
c C
tive to A. This being true, EMds = 0 and EMyds = 0, E and I
A A
not appearing in these equations, since they are both constants.
The moment at any section N of the ring, expressed in terms of
the forces to the left of that section, is due to H, MA, and the tan-
gential shear, the quantities H and MA being unknowns. In ac-
cordance with the general theory of flexure, the tangential shear, the
sum of the shears on the two transverse sections, equals P sin a/vr
per unit length of arc, in which P is the total load on the pedestal. The
Pr
moment at any point N due to the shear* is -- [2-0 sin 0-2 cos 8],
27
and the total moment is given by the equation
Pr
M = -Hr (1 - cos ) + MA + - (2 - 0 sin 0 - 2 cos 0). (19)
2r
The values of H and MA can be determined from the equations
C C
EMds = 0 and EMyds = 0 by substituting the value of M just
A A
given, and solving the two resulting equations for the two unknowns.
c
Since ds = rdO, the first of these equations becomes _MdO = 0,
A
r having been dropped because it is a constant. Likewise, since
yds = rdO (r cos 0 - r cos p), the second of the foregoing equations
c
becomes EM cos 0 dO = 0, r2 and cos i having been dropped because
A C
they are constants, and ,MdO because it equals zero.
A
*See Section 26. For this case R = r.
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Substituting the value of M, as given in Equation (19), in the
c
equation EMdO = 0, integrating, substituting the limits, and sim-
A
plifying, gives
Pr
-Hr (8 - sin ) + MA =- [3 sin s - cos f - 2f]. (20)
2ir
C
Likewise, the equation MM cos 0 dO = 0 becomes
A
S (3 sin 2f
- Hr[i 2 sin 2] + MAsinf =
- sin 2 - + - 2 sin # . (21)
2r 8 4
The values of H and MA, as determined from Equations (20)
and (21), are as follows:
P 9 1 1
H -= 3sin21 - - sin 28 - 2 + - 2 cos 21 . (22)2 v K 8 4
Pr 1 1 1 3
MA = -r in 2 (1 -- cos + - sin - 8 2) - - sin #
2rK 4 2 4 4
1
+ -4 cos ( 2 + sin 23 - 5 sin + 3 cos f) . (23)
The moment at any radial section is given by the equation
Pr 5 1
M = ---- cos 0 (sin 2 - sin 2P + - 8 2 cos 28 )
27rK L 8 4
1 1
+ 0 sin 0 (- 2 +- sin 2# - sin2 )
2 4
1
+ - # cos 1 ( 28 + sin 2# )
4
1 1 1 1
- sin 3 ( - + - sin 28 + ±- - cos 23 ). (24)
2 8 4 J
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FIG. 92. THRUST, H, AND CIRCUMFERENTIAL MOMENT, MA, AT TOP OF SECTION
In Equations (22), (23) and (24) the quantity K is defined as:
1 1
K = sin 2 p - 2 - - - sin 2f.
2 4
It is to be noted that K and the quantities in the parentheses of
Equation (24) are functions of P and will therefore have the same
value for all values of 0 for a given pedestal. This means that, for a
particular pedestal, cos 0 and 0 sin 0 are the only variables.
Values of H and MA, for various values of 0, computed by the
use of Equations (22) and (23) are given by the diagrams of Fig. 92,
and values of M, for various values of 0 and 3, computed by the use
of Equation (24), are given in Fig. 66.
The tangential shearing stress is a maximum at mid-depth of the
pipe, and the sum of the shears on the two ends of the portion of the
shell considered equals P/irr per unit length of the arc. If the shears
on the two transverse sections, one on each side of the pedestal, are
equal, then the maximum unit shear equals P/27rrt, in which P is
the total load on the pedestal.
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The symbols H, M, and MA represent total values, and not
values per unit length of pipe. Unfortun'ately, no analysis has been
developed for determining the width of the portion of the shell that
is effective in resisting the circumferential moment. The tests of
Sections 18, 19, and 20 indicate that the width of the effective por-
tion is very large, being of the order of 72 inches for a 30-in. x Ij-in.
shell supported on a pedestal having an 180-degree angle of contact.
The deformation of the shell from its original circular shape will
now be determined. The horizontal movement of any point will be
represented by Ax and the vertical movement by Ay.
The vertical movement of any point N, Fig. 93, due to the
Mxds
moment at any point U is given by the expression dy =
EI
in which x is the horizontal distance of U from N. Moreover,
ds = rda and x = r sin 0 - r sin a. Substituting these values in the
dyEI
expression for dy gives = M sin 0 da - M sin a da. The value
r
2
of M is given by Equation (19), modified by substituting a for 0.
Substituting the value of M in the expression for dy, integrating the
equation between the limits 0 and 0, and simplifying, gives
r
3  H 7 PAy =- cos 20 ( -- + -- )
EI 4 16 7 /
+ (0 sin 0 + cos 0) -H + -- +
P 5 MA 23 P
+ - ( 0 sin 20 02 ) + -H - - ---- . (25)
87r 4 r 16 7r
The quantity Ay in this equation represents the vertical move-
ment of N relative to A due to the circumferential moment in the
portion of the shell AN.
Likewise, the horizontal movement of any point N, Fig. 93, due to
the moment at any point U is given by the expression dx = Myds/EI.
Substituting the values for y and ds in this expression, it becomes
El
- dx = M cos a da - M cos 0 da. Integrating this expression be-
r
2
ILLINOIS ENGINEERING EXPERIMENT STATION
FIG. 93. RADIAL DEFLECTION OF SHELL DUE TO
CIRCUMFERENTIAL MOMENT
tween the limits of 0 and 0, simplifying and rearranging the terms,
gives the equation
H 7 P
Ax = H - - + sin 20 - --
El L2 4 16 7r
+ (0 cos 0 - sin 0) H M- - -
2r 4
+- 4(6-0 cos.)]J. (26)
Values of H and MA are given by the curves of Fig. 92 and values
of Ax and Ay can be determined by the use of Equations (25) and
(26). They represent the horizontal and vertical movements of the
point N relative to A. With the x and y components of the move-
ment known, the radial movement relative to the axis of the cylinder
can be determined.
The possibility of failure by diagonal buckling due to shear will
now be considered. If the shell retained its circular section the shear
would be the same as that produced by a pedestal that completely
encircled the shell. The tests of Sections 10, 11, and 12 show that
the radial deflection is of the order of 0.10 inch at the yield-point
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load of a 30-in. x 3/4-in. shell loaded with a 90-degree pedestal. This
deflection was so small relative to the radius that it would not have a
significant effect upon the shear, and the analysis given in Section
24, insofar as it pertains to diagonal compression, can be applied to
a shell loaded with an open pedestal.
The analysis for circumferential compression of a shell loaded
with an open pedestal will now be considered. As stated in the
previous paragraph, the measured radial deflection at a yield-point
load was very small for the portion of the shell immediately above
the pedestal. The small amount of deflection that did occur will,
however, produce a small tension and a small positive moment at
A, as indicated in Fig. 91b. The values of the tension and moment
at A, for pedestals with various angles of contact, are shown in
Fig. 92, and the moment at any radial section of the shell above the
pedestal, such as ON of Fig. 91b, is given by Equation (19). Equating
moments about 0 to zero for the forces acting on the portion AN,
gives
-Hr + MA - MN + M.hear - Tr = 0,
in which T represents the tangential compression. Substituting for
each of these quantities the values that have already been deter-
mined, simplifying, and solving for T, gives
PO sin 0
T = - - H cos 0. (27)
27r
The tension, H, has the values shown in Fig. 92 for various values of f.
The values of T increase with 0 until 0 reaches its limit, P. With 3
equal to 135 degrees, H, from Fig. 92 is 0.132P, and Tmax = 0.358P.
For values of 0 greater than p there is no circumferential moment
in the shell, because of the restraining action of the pedestal. If
there is no friction between the shell and the pedestal, the circum-
ferential compression on any radial section where 0 > P equals the
compression where 0 = p plus the accumulated tangential shear be-
tween the sections where 0 = f and 0 = 0, and its value at any sec-
tion is given by the equation
P/ sin f P
T = s - H cos p + -- (cos / - cos 0). (28)
27r 7
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Its greatest value will be at the bottom, where 0 = 7; at that sec-
P/ sin 1 P
tion T = - H cos + -- (1 + cos /). If 3 = 135 de-
2ir 7
grees, H = 0.132P and T = 0.451P.
If there is friction between the shell and the pedestal, it will
reduce the compression. If N represents the pressure between the
shell and the pedestal per unit length of arc, then the friction on a
differential length of arc is represented by the expression dF =fNrd6,
in which f is the coefficient of friction. But N = T/r and when this
value is substituted, the foregoing expression becomes dF = fTd0.
The compression at the edge of the pedestal where 0 = 3, as given
PP sin p
by Equation (27), equals - H cos 0. As 0 increases beyond
2r
P sin 6 dO
p, T is increased by the amount due to shear, and it is
decreased by the amount fTdO due to friction for each dO increase
P sin 0 do
in 0. That is, dT = - - fTdO, which can be written in the
7"
dT P
form - + fT = - sin 0. Integrating this, as in Section 25, gives
dO 7
T = [f sin 0 - cos 0] + Ce-f.
r (1 + 2 )
P/3 sin /
In this instance, where = , T = - H cos 3. Substituting
2?r
these values in the expression for T and solving for C, gives
C r P p sin H cos / (f sin p - cos ) 0C = Pe59  - - - - - - .
2Y P 7r(1+f 2)
Substituting this value of C in the expression for T, and solving
for T, gives
P
T = (fsin 0 - cos )
S(1 + Pf)
r 0 sin P H cos f (f sin - cos/) ]
+ Per-o P . (29)L 27 P r (1 + f 2)
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If f is taken equal to 0, this reduces to the same form as Equa-
tion (28), as it should.
For 3 = 135 degrees the compression at the bottom, 0 = 180
degrees, equals 0.364P for a coefficient of friction of 0.30. This is
comparable with the value of 0.451P for the same pedestal com-
puted on the basis of zero friction and a value of 0.406P for a pedestal
completely enclosing the shell as shown in Section 25, with a coeffi-
cient of friction of 0.30.
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